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MIXED HODGE COMPLEXES ON ALGEBRAIC VARIETIES
Morihiko Saito
RIMS Kyoto University, Kyoto 606-8502 Japan
The notion of cohomological mixed Hodge complex was introduced by Deligne [4] as a
tool to construct the mixed Hodge structure on the cohomology of complex algebraic
varieties. This is defined by using logarithmic forms and simplicial resolutions of varieties.
It is called cohomological, because its conditions are imposed only after taking the global
section functor. Forgetting the rational (or integral) structure and also the weight filtration,
a refinement of this notion was obtained by Du Bois [6] (following Deligne’s idea). For
a complex algebraic variety X and a closed subvariety D of X , he introduced a filtered
complex (Ω˜•X〈D〉, F ) on X , whose differential is given by differential operators of order
at most one. It is well defined in a certain triangulated category, and gives the Hodge
filtration of Deligne’s mixed Hodge structure on the cohomology of X\D by taking the
hypercohomology if X is proper.
On the other hand, the notion of mixed Hodge Module is introduced in [14], [15]. This
gives also a mixed Hodge structure of the cohomology of a complex algebraic variety
(without using a simplicial resolution). It is generally considered that the theory of mixed
Hodge Modules is a generalization of Deligne’s mixed Hodge theory. There were, however,
some gaps between the two theories.
One is that the theory of mixed Hodge Modules does not work on simplicial schemes,
because the direct images and the pull-backs are defined only in the derived categories,
and not in the level of complexes. In particular, it was not clear whether the two mixed
structures obtained coincide in general (except when the variety is embeddable into a
smooth variety). The difficulty comes from the fact that the double complex construction
associated with a cosimplicial complex on a simplicial scheme does not work in the derived
category, because d2 is not zero, but only homotopic to zero. Note that this difficulty is
not solved in this paper, nor seems to be solved soon. In fact, the problem is avoided in
this paper, because we do not have to construct a complex of mixed Hodge Modules on
the simplicial scheme in the proof of (0.2).
Another problem is the difference in the systems of weight. In Deligne’s theory [4], the
weight filtrationW on a mixed Hodge complex K is defined so that the weight of HiGrWk K
is i + k. This weight filtration W is called the standard weight. On the other hand, the
weight of HiGrW
′
k M is k for a complex of mixed Hodge structures M (or a mixed Hodge
complex in the sense of [1, 3.2]) with the weight filtration W ′. This weight filtration W ′
is called the absolute weight. For a complex of mixed Hodge structures, the passage from
W ′ to W is done by taking the convolution of W ′ and σ (the filtration “beˆte” in [4]). But
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this does not work for a mixed Hodge complex in the sense of [1, 3.2]. For the converse
we have W ′ = DecW as in [4]. This works for mixed Hodge complexes in the sense of
loc. cit. These transformations of weights give certain difficulties for the unification of the
two theories (e.g. in the compatibility with the direct images). The main difficulty comes
from the fact that the standard weight filtration is not strict, but cannot be avoided in
order that the mixed Hodge complexes be stable by the direct images.
In this paper we construct a triangulated category of mixed Q-Hodge complexes (resp.
mixed Q-Hodge D-complexes) on a complex algebraic variety X , which will be denoted
by DbH(X,Q) (resp. D
b
H(X,Q)D), together with a natural functor DR
−1
X : D
b
H(X,Q) →
DbH(X,Q)D.
A mixed Q-Hodge complex K consists of a filtered differential complex (KF , F ) with a
filtrationW , and two filtered complexes (KQ,W ), (KC,W ) withQ and C-coefficients. They
are endowed with two quasi-isomorphisms αF : (KF ,W )→ (KC,W ), αQ : (KQ,W )⊗QC→
(KC,W ), and satisfy certain good properties. See (2.2). A mixed Q-Hodge D-complex is
defined similarly by replacing the filtered differential complex (KF , F ) with a complex of
filtered D-Module (KD, F ). A morphism of mixed Q-Hodge complex u : K → L consists
not only of morphisms uF , uQ, uC between the components of K, L, but also of homotopies
u′F , u
′
Q, because u∗ and α∗ commute up to a homotopy, which is given by u
′
∗. Note that
this homotopy does not appear in [1], but is essential for Theorem (0.1) below. We can
show that the mixed Q-Hodge complexes (or D-complexes) are stable by the direct image
under a proper morphism of algebraic varieties in a compatible way with DR−1.
0.1. Theorem. We have a natural functor ε from DbMHM(X,Q) (the derived category of
bounded complexes of mixed Q-Hodge Modules on X) to DbH(X,Q)D. It commutes with
the direct image under a proper morphism. See (2.7-8).
For D a closed subvariety of X , and j : X\D→ X the inclusion morphism, we construct
a mixed Q-Hodge complex CHX〈D〉Q whose underlying Q-complex is Rj∗QX\D by using a
simplicial resolution. See (3.3). Forgetting the weight filtration and the rational structure,
it coincides essentially with the Du Bois complex (Ω˜•X〈D〉, F ).
0.2. Theorem. We have a natural isomorphism
DR−1X (C
H
X〈D〉Q) = ε(j∗Q
H
X\D) in D
b
H(X,Q)D,
where j∗Q
H
X\D ∈ D
bMHM(X) is as in [15]. See (2.8) below.
A naive idea for the proof of (0.2) would be to construct a complex of mixed Hodge
Modules on a simplicial resolution of X. But this is very difficult, and is not enough to
show (0.2), because there still remains the comparison between this complex with CHX〈D〉Q,
which is not trivial at all. Instead, we use a smooth affine stratification of X to get a good
representative of j∗Q
H
X\D . The corresponding object can be constructed in D
b
H(X,Q)D,
and it is isomorphic to DR−1X (C
H
X〈D〉Q).
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As a corollary of (0.1) and (0.2), we get the coincidence of the two mixed Hodge struc-
tures in [4] and [15]. But what is more important is the relation between QHX and the Du
Bois complex (Ω˜
•
X , F ). Let (M,F ) denote the underlying complex of filtered D-Module of
QHX . Then Gr
F
p DRX(M) are well-defined in D
b
coh(X,OX). See (1.3.4). Let n = dimX ,
and X ′ be the union of the n-dimensional irreducible components of X . Let X˜ ′ → X ′ be a
resolution of singularities, and π : X˜ ′ → X its composition with the natural morphism to
X . Let a• : X• → X be a simplicial resolution. Then (0.2) implies that GrFp DRX(M) = 0
for p > 0 or p < −n, and
0.3. Corollary. GrF0 DRX(M) = R(a•)∗OX• , Gr
F
−nDRX(M) = π∗ωX˜′ [−n].
We have Riπ∗ωX˜′ = 0 for i > 0 by [8], and π∗ωX˜′ is independent of the choice of the
desingularization. (See also [10].) Let (M ′, F ) denote the underlying filtered D-Module of
the intersection complex ICX′Q
H . Then we have also GrF−nDRX(M
′) = π∗ωX˜′ by [16].
Note that we cannot prove (0.3) without using (0.2) even if X is embeddable into a smooth
variety.
We say that X has (at most) Du Bois singularities, or X is Du Bois for short, if a
natural morphism OX → R(a•)∗OX• is an isomorphism in the derived category. See [20].
Of course, CX → R(a•)∗CX• is always an isomorphism, but the same does not necessarily
hold for O. This isomorphism gives a strong restriction to OX . (For example, X must be
weakly normal. See Remark (i) after (5.2). If CX [dimX ] is a perverse sheaf, X must be
Cohen-Macaulay. See Remark (ii) after (5.3).)
Let KX denote the dualizing complex for OX -Modules, and (DM,F ) the underlying
filtered D-Module of DQHX (which is the dual of Q
H
X) so that Gr
F
0 DRX(DM) is the dual of
GrF0 DRX(M) at least locally. Then we have uniquely a morphism in D
b
coh(X,OX)
GrF0 DRX(DM)→ KX ,
whose restriction to the smooth part of X is a natural isomorphism. See (5.3). By (0.3),
this morphism is an isomorphism if and only if X is Du Bois. Using this, we can prove
that a rational singularity is Du Bois, as announced in Remark (ii) after (2.4) of [18]. This
was conjectured, and proved in the isolated singularity case, by Steenbrink [20]. After
writing the first version of this paper, I am informed that the assertion is proved by Kolla´r
[11,12.9] in the case where the singularity admits a projective compactification having only
rational singularities, and then by Kova´cs [12] in the general case.
I would like to thank the referee for useful comments.
In §1 we review the theory of filtered differential complexes and filtered D-Modules
which are needed in this paper. Then we introduce the notion of mixed Hodge complexes
on algebraic varieties, and prove (0.1) in §2. The appendix to §2 gives a review on the
theories of compatible filtrations [14] and the realization functor [2], which are necessary
for the proof of (0.1). In §3 the notion of geometric complexes is used to define a refinement
of the filtered complex of Du Bois. Then we prove (0.2) using a smooth affine stratification
in §4. The application to the Du Bois singularity is given in §5.
In this paper a variety means a separated scheme of finite type over a field, and an
analytic space means a separated complex analytic space.
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1. Filtered Differential Complexes
1.1. Let X be an algebraic variety over a field k of characteristic zero, or a complex
analytic space. (In the analytic case, variety will mean analytic space in this section.)
We consider filtered OX -Modules (L, F ) such that the filtrations F are increasing and
exhaustive, and FpL = 0 for p ≪ 0. (If the reader prefers, he can assume that Gr
F
p L are
annihilated by the nilpotent ideal of OX corresponding to Xred ⊂ X , so that DR
−1
X (L, F ),
which will be defined in (1.3), satisfies the corresponding condition for filtered D-Modules.
This condition is satisfied by mixed Hodge Modules due to [14, 3.2.6].)
For OX -Modules L, L
′, we have the notion of differential operator of order ≤ n, which
is invariant by the direct image of L, L′ under a closed embedding of varieties. See Remark
(i) below. The group of differential operators of order ≤ n are denoted by DiffnX(L, L
′). If
X is smooth, this can be defined by the image of the composition of injective morphisms
(see [14, 2.2.2]) :
(1.1.1)
HomOX (L, L
′ ⊗OX FnDX)→ HomD(L⊗OX DX , L
′ ⊗OX DX)
→ HomC(L, L
′),
where the last morphism is given by the tensor with OX over DX . (Here DX is the
ring of differential operators on OX , and has the Hodge filtration F such that FnDX =
DiffnX(OX ,OX).)
For filtered OX -Modules (L, F ), (L
′, F ) as above, we say that a C-linear morphism of
filtered sheaves u : (L, F )→ (L′, F ) is a filtered differential morphism if the composition
(1.1.2) FpL→ L
u
→ L′ → L′/Fp−q−1L
′
is a differential operator of order ≤ q for any p, q. (In particular, GrFu : GrFp L → Gr
F
p L
′
is OX -linear.) The condition implies that if we put init(L, F ) = min{p ∈ Z : FpL 6= 0},
then the restriction of u to FpL is a differential operator of order ≤ p − init(L
′, F ). We
will denote the group of filtered differential morphisms by HomDiff((L, F ), (L
′, F )). This
is invariant by the direct image of (L, F ), (L′, F ) under a closed embedding of varieties.
If X is smooth, we define DR−1X (L, F ) to be the right D-Module L ⊗OX DX with the
tensor product filtration F , i.e., Fp =
∑
i FiL⊗OX Fp−iDX . Then we see that the tensor
with OX over DX induces a bijection
(1.1.3) HomD(DR
−1
X (L, F ),DR
−1
X (L
′, F ))
∼
→ HomDiff((L, F ), (L
′, F )),
where Hom on the left-hand side is taken in the category of filtered right DX-Modules. In
fact, the morphism is injective by the injectivity of (1.1.1), and the condition on (1.1.2)
corresponds to that the morphism of OX -Modules L→ L
′⊗OX DX preserves the filtration
F , because
Fp(L
′ ⊗OX DX) =
⋂
q
(Fp−q−1L
′ ⊗OX DX + L
′ ⊗OX FqDX).
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See [2, (3.1.2.8)]. (As remarked by the referee, we have the inverse morphism of (1.1.3)
by identifying FpDR
−1
X (L) with HomDiff((OX , F ), (L, F [−p])) and taking the composition
with HomDiff((L, F ), (L
′, F )).) Note that (1.1.3) implies in general that the filtered differ-
ential morphisms are stable by composition.
We define MF (OX ,Diff) to be the category whose objects are filtered OX -Modules
(L, F ) as above, and whose morphisms are filtered differential morphisms. In the smooth
case, let MF (DX) denote the category of filtered right DX -Modules (M,F ) such that the
filtration F is exhaustive and FpM = 0 for p≪ 0. Then, by the bijectivity of (1.1.3), we
get a fully faithful functor
(1.1.4) DR−1X : MF (OX ,Diff)→MF (DX).
Let CF (OX ,Diff) be the category of complexes (L, F ) of MF (OX ,Diff), where we as-
sume FpL = 0 for p ≪ 0 independently of the complex degree. Then KF (OX ,Diff) is
defined by considering morphisms up to homotopy as in [21]. Since the filtered acyclic
objects form a thick subcategory in the sense of loc. cit, we get DF (OX ,Diff) by in-
verting filtered quasi-isomorphisms. Similarly we define C∗F (OX ,Diff), K
∗F (OX ,Diff),
D∗F (OX ,Diff) for ∗ = +,−, b by assuming the corresponding boundedness conditions on
the complexes as in loc. cit.
We consider also the category MF (OX ,Diff;W ) whose objects are OX -Modules hav-
ing a filtration F as above together with an increasing finite filtration W , and whose
morphism are filtered differential morphisms with respect to F , and preserve the filtra-
tion W . Then for ∗ = +,−, b or empty, we can define the categories C∗F (OX ,Diff;W ),
K∗F (OX ,Diff;W ), D
∗F (OX ,Diff;W ) in a similar way. Here W is assumed to be finite
uniformly in the complex degree.
We denote by D∗cohF (OX ,Diff;W ) the subcategory of D
∗F (OX ,Diff;W ) consisting of
objects (L, F ;W ) such that HiGrFp Gr
W
k L are coherent OX -Modules. Forgetting the filtra-
tion W , we have similarly D∗cohF (OX ,Diff).
Remarks. (i) We have three equivalent definitions of differential operator of order ≤ n.
(The third definition is in the algebraic case.)
The first one takes (1.1.1) for definition in the smooth case, and the general case is
reduced to this by using locally defined closed embeddings into smooth varieties. The
well-definedness follows from the invariance of morphisms of (filtered) D-Modules by the
direct image under a closed embedding of smooth varieties. (In fact, if i : X → Y is
a closed embedding of smooth varieties such that X is defined locally by y1 = 0 with
(y1, . . . , ym) a local coordinate system of Y , then the direct image of a filtered right DX -
Module (M,F ) by i is decomposed by the eigenvalue of the semisimple action of y1∂/∂y1
so that M = Ker y1∂/∂y1.)
The second definition is due to Grothendieck [7, 16.8.1]. Let IX be the ideal of the
diagonal of X ×X , and
PnX = OX×X/I
n+1
X .
Let L, L′ be OX -Modules, and u : L → L
′ a C-linear morphism of sheaves. We say that
u is a differential operator of order ≤ n in the sense of Grothendieck if there exists an
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OX -linear morphism
u′ : PnX ⊗OX L→ L
′
such that u coincides with the composition of the natural inclusion
L→ PnX ⊗OX L (defined by m→ 1⊗m)
with u′. Note that u′ is uniquely determined by u, using a natural isomorphism
HomC(L, L
′) = HomOX ((OX ⊗C OX)⊗OX L, L
′),
because a natural morphism OX ⊗C OX → P
n
X is surjective. The last surjectivity can
be reduced to the case X smooth, because PnY → P
n
X is surjective for a closed embedding
X → Y . See also Remark after (1.2). The equivalence of the first and the second definitions
is reduced to the smooth case (see Remark after (1.2)) and follows for example from [19,
(1.20.2)].
The third definition in the algebraic case is as follows. For OX -Modules L, L
′, we say
that a C-linear morphism of sheaves u : L→ L′ is a differential morphism of order ≤ n, if
for any local sections g0, . . . , gn of OX , we have
(1.1.5) ad g0 · · · ad gn(u) = 0,
where ad gi(v) = giv − vgi for a morphisms of sheaves v : L → L
′. (This was used for
example in J. Bernstein’s talk on algebraic D-Modules at the Luminy conference 1983.)
This definition is clearly invariant by the direct image under a closed embedding of varieties,
and we can verify the equivalence with the second definition in the smooth case. See for
example [19, (1.20)]. (The key point is that ad gi corresponds to the multiplication by
gi ⊗ 1 − 1 ⊗ gi ∈ IX .) By this definition, the condition on (1.1.2) means that for any
local sections g1, . . . , gn of OX , ad g1 · · · ad gn(u) pushes down the filtration F by n (as
remarked by the referee). This is also good for the direct image in (1.2), (However the
third definition is not so simple in the analytic case, because (1.1.5) is not strong enough,
and we have to assume further a condition on the continuity of u in some topology.)
(ii) If u : L → L′ is a differential operator of order ≤ n and L, L′ have a filtration W
such that u(WiL) ⊂WiL
′, then
u : WiL/WjL→ WiL
′/WjL
′
are differential operators of order ≤ n for i > j. So if u : (L, F ) → (L′, F ) is a filtered
differential morphism preserving a filtration W of OX -Modules L and L
′, then
u : (WiL/WjL, F )→ (WiL
′/WjL
′, F )
is a filtered differential morphism for i > j.
(iii) It is not clear whether D∗F (OX ,Diff) is a full subcategory of DF (OX ,Diff) for ∗ =
b,+,−, because the usual truncation τ≤n does not exist for filtered differential complexes.
However, D∗F b(OX ,Diff) (which is defined by assuming that the filtration F is finite in
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the definition of D∗F (OX ,Diff)) is a full subcategory of DF
b(OX ,Diff) and the latter is a
full subcategory of DF (OX ,Diff) due to the functors which associate to (L, F ) respectively
((DecF )pL, F ) and (FpL, F ). (Note that the (DecF )pL
i are OX -Modules because Gr
Fd
is OX -linear. We may consider DecF as the canonical truncation relative to the filtration
F .)
1.2. Let f : X → Y be a morphism of algebraic varieties or analytic spaces. Then we have
a natural morphism of OY -Modules
PnY ⊗OY f∗L→ f∗P
n
X ⊗OY f∗L→ f∗(P
n
X ⊗OX L).
So using the second definition of differential operators in Remark (i) after (1.3), we see
that the direct image functor f∗ for O-Modules induces
f∗ : Diff
n
X(L, L
′)→ DiffnY (f∗L, f∗L
′),
f∗ : HomDiff((L, F ), (L
′, F ))→ HomDiff(f∗(L, F ), f∗(L
′, F )),
i.e., differential operators and filtered differential morphisms are stable by direct images.
(Here we can also verify this easily using the third definition of differential operators in
the algebraic case.) So we get the direct image functor
(1.2.1) Rf∗ : D
+F (OX ,Diff)→ D
+F (OY ,Diff).
by using for example the canonical flasque resolution of Godement. This direct image is
compatible with the direct image of filtered D-Modules via the functor DR−1 in (1.3.2)
below. See [14, 2.3.6].
Remark. Let i : X → Y be a closed embedding. Then the direct image induces natural
isomorphisms
(1.2.2)
i∗ : Diff
n
X(L, L
′)
∼
→ DiffnY (i∗L, i∗L
′),
i∗ : HomDiff((L, F ), (L
′, F ))
∼
→ HomDiff(i∗(L, F ), i∗(L
′, F )).
This is clear if we take the first definition of differential operators (or the third in the
algebraic case) in Remark (i) after (1.1). For the second definition, the argument is as
follows. For the first isomorphism, it is enough to show that a natural morphism
OX ⊗OY P
n
Y ⊗OY OX → i∗P
n
X
is an isomorphism. Let J, J ′ denote the defining ideals of X and X ×X in Y and Y × Y
respectively. Since the source of the morphism is isomorphic to the quotient of OY×Y
by the ideal generated by J ⊗ 1, 1 ⊗ J and InY , it is enough to show the surjectivity of
IY → IX . But this follows from the surjectivity of J
′ → J using the snake lemma (applied
to a morphism of the exact sequence associated with J ′, J). The second isomorphism
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follows from the first. (Note that (1.2.2) is used in the proof of the equivalence of the three
definitions of differential operators when it is reduced to the smooth case.)
1.3. Let X be as in (1.1). The notion of filtered D-Module is generalized to the case
of singular varieties as follows. See also [14, §2]. Let LE(X) denote the category whose
objects are closed embeddings U → V where U are open subsets of X and V are smooth.
A morphism of {U → V } to {U ′ → V ′} in LE(X) is a pair of morphisms U → U ′ and
V → V ′ which gives a commutative diagram, where U → U ′ is compatible with natural
inclusions U → X and U ′ → X .
For {U → V } ∈ LE(X), let MF (DV )U be the category of filtered right DV -Modules
(M,F ) such that the filtration F is exhaustive, FpM = 0 for p ≪ 0, and the Gr
F
pM are
annihilated by the ideal of U in V . (If the reader prefers, he can assume that the GrFpM
are annihilated by the ideal of Ured rather than that of U . This condition is satisfied by
mixed Hodge Modules.) By definition, a filtered (right) D-Module (M,F ) on X consists
of (MU→V , F ) ∈MF (DV )U for {U → V } ∈ LE(X) together with isomorphisms
(1.3.1) v∗(MU→V , F )|V ′\(U ′\U) = (MU ′→V ′ , F )|V ′\(U ′\U)
for any morphisms (u, v) of {U → V } to {U ′ → V ′}, where v∗ denotes the direct image as
filtered D-Modules (see [14, 2.3.5] and also Remark (iv) below), and (1.3.1) satisfies the
natural compatibility condition for the composition of morphisms of LE(X). (Note that
the left-hand side of (1.3.1) is a filtered D-Module. See Remark (i) below.) We assume
also FpMU→V = 0 for p≪ 0 independently of {U → V }.
Let init (= init(M,F )) = min{p ∈ Z : FpMU→V 6= 0}. Then we see that the OU -
Modules FinitMU→V are independent of the embedding of U , and defines a well-defined
OX -Module, which is denoted by FinitM . (This does not hold if we use left D-Modules.)
The category of filtered D-Modules on X is denoted by MF (X,D), and the category of
filtered D-Modules with a finite increasing filtration W by MF (X,D;W ). For ∗ = +,−, b
or empty, we denote by C∗F (X,D), C∗F (X,D;W ) the categories of complexes of these
objects satisfying the corresponding boundedness condition. Their derived categories are
denoted by D∗F (X,D), D∗F (X,D;W ). Here we assume min{init(M i, F )} 6= −∞ for a
filtered complex (M,F ), andW is finite uniformly in the complex degree. We have similarly
M(X,D), D∗(X,D), D∗(X,D;W ), forgetting the filtration F , but assuming that any local
section ofMU→V is annihilated by a power of the ideal of U (this condition can be replaced
with SuppMU→V ⊂ U if MU→V is quasi-coherent).
We will denote by D∗cohF (X,D;W ) the full subcategory of D
∗F (X,D;W ) consisting
of coherent complexes (i.e.
⊕
pH
iFpGr
W
k MU→V are coherent over
⊕
p FpDV ), and by
D∗holF (X,D;W ) its full subcategory consisting of holonomic complexes (i.e., furthermore
HiGrWk MU→V are holonomic DV -Modules). Forgetting the filtration W , we define simi-
larly D∗cohF (X,D), D
∗
holF (X,D). We have also Mhol(X,D), D
∗
hol(X,D), D
∗
hol(X,D;W ),
etc. as usual, forgetting the filtration F .
We have a functor
DR−1X :MF (OX ,Diff)→MF (DX)
defined by (L, F )→ {(MU→V , F )} with (MU→V , F ) = (L, F )|U⊗OV (DV , F ). This induces
(1.3.2) DR−1X : DF (OX ,Diff)→ DF (DX).
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Let {Ui → Vi}i∈Λ ∈ LE(X) (indexed by an ordered set Λ) such that {Ui}i∈Λ is a locally
finite covering of X . For I ⊂ Λ, let UI =
⋂
i∈I Ui, VI =
∏
i∈I Vi so that {UI → VI} ∈
LE(X). Let M ∈M(X,D), and put
KI = (jI)!DRVI (MUI→VI ) (resp. (jI)!DRVI (MUI→VI )
an)
if X is analytic (resp. algebraic). (For DR see Remark (iii) below.) Here jI : UI → X
(resp. jI : U
an
I → X
an) denote natural inclusions.
For I ⊃ J , DRVI (MUI→VI ) has a double complex structure associated with the decom-
position VI = VJ × VI\J . Let v : VI → VJ denote the natural projection, and v• the
sheaf-theoretic direct image. Then
v∗(MUI→VI , F )|VJ\(UJ\UI) = v•DRVI/VJ (MUI→VI , F )|VJ\(UJ\UI)
as filtered right D-Modules, and
DRVJ (v•DRVI/VJ (MUI→VI , F )) = v•DRVI (MUI→VI , F ).
Since we have a filtered quasi-isomorphism
v•DRVI/VJ (MUI→VI , F )|VJ\(UJ\UI ) → (MVJ→VJ , F )|VJ\(UJ\UI)
by (1.3.1), we get a natural morphism KI → KJ which induces a quasi-isomorphism on
UI . So we get a co-Cech complex whose i-th component is
⊕
|I|=1−iKI , and it is denoted
by DRX(M). This induces functors
(1.3.3)
DRX : D
∗
hol(X,D)→ D
∗
c (X,C),
DRX :Mhol(X,D)→ Perv(X,C),
where D∗c (X,C) in the algebraic case denotes the full subcategory of D
∗
c (X
an,C) consisting
of objects with algebraic stratifications, and similarly for Perv(X,C) (see [2] for D∗c (X,C),
Perv(X,C) in the analytic case).
We have similarly functors
(1.3.4) GrFp DRX : D
∗
cohF (X,D)→ D
∗
coh(X,OX),
and we can verify GrFinitDRX(M) = FinitM . But we do not have DRX : D
∗
cohF (X,D)→
D∗cohF (OX ,Diff) unless X is smooth.
We can verily that (1.3.3-4) are independent of the choice of the covering {Ui → Vi}i∈Λ
by using {Ui → Vi}i∈Λ′′ with Λ
′′ the disjoint union of Λ and Λ′ if {Ui → Vi}i∈Λ′ is another
covering of X .
Remarks. (i) The left-hand side of (1.3.1) is a filtered D-Module. In fact, for x ∈ U ,
we take a minimal embedding of (U, x) into a smooth variety (Z, x) (i.e. dimZ coincides
with the dimension of the Zariski tangent space of U at x). Then (U, x) → (V, x) is
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the composition of (U, x) → (Z, x) with a closed embedding iV : (Z, x) → (V, x), and
(MU→V , F )x = (iV )∗(MZ , F )x for a filtered DZ-Module (MZ , F ). (In fact, if Z is defined
by y1 = 0 with (y1, . . . , ym) a local coordinate system of (V, x), then the filtration F on
MU→V is stable by the action of y1∂/∂y1, and is compatible with the decomposition of
MU→V by the eigenvalue of the action of y1∂/∂y1.) Since the composition of iV with v is
a closed embedding iV ′ : (Z, x)→ (V
′, x), we get the assertion.
(ii) Let {U → Vi} ∈ LE(X) for i = 1, 2, and v : V1 → V2 a morphism giving a
morphism of LE(X) (i.e., it is compatible with {U → Vi}). Then the direct image of
filtered D-Modules induces an equivalence of categories
v∗ :MF (DV )U →MF (DV ′)U .
This follows by the same argument as the above Remark (i) by reducing to the case where
(U, x)→ (V1, x) is a minimal embedding.
If there is no morphisms between V1 and V2, we can consider V3 := V1 × V2 with the
diagonal morphism U → V3 so that we get morphisms V3 → Vi by the projection. So
we see for example that if X is embedded into a smooth variety Z, then MF (X,D) is
naturally equivalent to MF (DZ)X .
(iii) For a right DX-Module M on a complex manifold X or a smooth algebraic variety
X , the de Rham complex DRX(M) is defined so that its i-th component isM⊗OX ∧
−iΘX .
If M has a filtration F , DRX(M) has the filtration F such that Fp on the i-th component
is Fp+iM ⊗OX ∧
−iΘX .
(iv) If Y is a complex manifold, or a smooth algebraic variety, DRX×Y/Y is defined
similarly. We can verify that for a complex of filtered DX×Y -Modules (M,F ), the direct
image p∗(M,F ) by the projection p : X × Y → Y is isomorphic to Rp•DRX×Y/Y (M,F ).
If i : X → Y is a closed embedding of complex manifolds or smooth varieties such that
locally X = {y1 = · · · = yr = 0} by using a local coordinate system (y1, . . . , ym), let ∂i =
∂/∂yi for 1 ≤ i ≤ r, C[∂] = C[∂1, . . . , ∂r] and ∂
ν =
∏
1≤i≤r ∂
νi
i for ν = (ν1, . . . , νr) ∈ N
r.
Then we can show the isomorphism
i∗(M,F ) = i•M ⊗C C[∂] with Fji∗M =
∑
ν
i•Fj−|ν|M ⊗ ∂
ν .
1.4. We review here some properties of Hodge Modules which are needed in this paper.
Let A be a subfield of R. We denote by MFhol(X,D, A;W ) the category whose objects
are M = ((M,F ;W ), (K,W );α), where (M,F ;W ) is a holonomic filtered D-Module on
X with a finite increasing filtration W , (K,W ) is an A-perverse sheaf on X with a finite
increasing filtration W , and
α : DRX(M,W ) ≃ (K,W )⊗A C
is an isomorphism of filtered C-perverse sheaves. Forgetting the filtration W , the category
MFhol(X,D, A) is similarly defined, and we have functors
GrWk :MFhol(X,D, A;W )→MFhol(X,D, A).
MIXED HODGE COMPLEXES ON ALGEBRAIC VARIETIES 11
Sometimes an object ofMFhol(X,D, A;W ) will be denoted by (M,F,K;W ) (and similarly
for (M,F,K)) to simplify the notation.
We denote by MH(X,A, n) the full subcategory of MFhol(X,D, A) consisting of po-
larizable A-Hodge Modules of weight n in the sense of [14, §5], and MHW(X,A) the
full subcategory of MFhol(X,D, A;W ) consisting of M such that Gr
W
k M ∈ MH(X,A, k)
for any k. This means that the objects of MHW(X,A) are obtained by extensions of
polarizable Hodge Modules, but there is no condition on the extensions. The category
MHM(X,A) of mixed A-Hodge Modules on X is a full subcategory of MHW(X,A), and
its objects satisfy certain good properties. See [15]. We say thatM∈ MHW(X,A) is pure
of weight n if GrWk M = 0 for k 6= n.
We state here some properties of Hodge Modules used in this paper.
(i) A polarizable A-Hodge Module admits a strict support decomposition
(1.4.1) (M,F,K) =
⊕
Z
(MZ , F,KZ),
with Z running over the irreducible closed subvarieties of X , where MZ is a holonomic
D-Module on X with strict support Z (i.e. suppMZ = Z or ∅, and MZ has no nontrivial
sub or quotient object whose support has dimension < dimZ), and KZ is an intersection
complex with support Z or ∅ (in the sense of [2]). See [14, 5.1.6].
(ii) If a polarizable A-Hodge Module of weight n has strict support Z, its restriction to
a smooth open subvariety of Z is a polarizable variation of A-Hodge structure of weight
n − dimZ. See [14, 5.1.10 and 5.2.12] Conversely, any polarizable variation of A-Hodge
structure of weight n − dimZ on a smooth open subvariety of Z extends uniquely to a
polarizable A-Hodge Module of weight n with strict support Z. See [15, 3.21].
(iii) MHW(X,A) and MHM(X,A) are abelian categories whose morphisms are strictly
compatible with the two filtrations F , W in the sense of [14, 1.1.15] (see also (A.2) below).
For polarizable A-Hodge Modules M, M′ of weights n, n′ such that n > n′, we have
(1.4.2) Hom(M,M′) = 0,
where Hom is taken in MFhol(X,D, A).
(iv) Let f : X → Y be a proper morphism of algebraic varieties, or a projective mor-
phism of analytic spaces, and (M,F,K) a polarizable A-Hodge Module of weight n on X .
Then the direct image f∗(M,F ) as filtered D-Module is strict, and
(1.4.3) (Hif∗(M,F ),
pHif∗K) ∈ MH(Y,A, n+ i).
Furthermore there exist (noncanonical) isomorphisms
(1.4.4)
f∗(M,F ) ≃
⊕
i
(Hif∗(M,F ))[−i] in D
+F (Y,D),
f∗K ≃
⊕
i
(pHif∗K)[−i] in D
+(Y,A)
compatible with α.
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In fact, (1.4.3) follows from the stability of polarizable Hodge Modules under a proper
morphism in the algebraic case [15] or a projective morphism in the analytic case [14].
Then (1.4.4) follows from the hard Lefschetz theorem [14] together with [5] in the analytic
case. In the algebraic case, we can verify easily the compatibility with the direct image of
mixed Hodge Modules in [15], forgetting the filtrationW . Then the desired decomposition
follows from the decomposition of the direct image of a pure Hodge Module. (It is also
possible to reduce the assertion to the projective case by using Chow’s lemma together
with the above property (ii).)
(v) Let X be a smooth algebraic variety or complex manifold, and D a divisor with
normal crossings on X . Put U = X\D. Let (jD∗ OU , F ;W
′) denote the underlying filtered
DX -Module of j∗A
H
U , where j : U → X denotes a natural inclusion. (In the algebraic case,
we have jD∗ OU = j∗OU .) Then we have a canonical isomorphism in D
b
holF (X,D;W ) :
(1.4.5) (jD∗ OU , F ;W ) = DR
−1
X (Ω
•
X(logD), F ;W )[dimX ],
where W = W ′ on jD∗ OU (because j
D
∗ OU is a DX-Module), and the filtrations F , W
on the right-hand side is as in [4]. In fact, using [15, 3.11], we can show the bifiltered
quasi-isomorphism
(Ω
•
X(logD), F ;W )[dimX ]
∼
→ DRX(j
D
∗ OU , F ;W ).
Similarly, let (jD! OU , F ;W
′) denote the underlying filtered DX-Module of j!A
H
U . Then
we have a canonical isomorphism in DbholF (X,D;W ) :
(1.4.6) (jD! OU , F ) = DR
−1
X (Ω
•
X(logD)(−D), F )[dimX ],
where (−D) means the tensor with the sheaf of reduced ideals of D.
2. Mixed Hodge Complexes
In this section, we construct triangulated categories of mixed Hodge complexes on an
algebraic variety or an analytic space, together with a natural functor from the bounded
derived category of mixed Hodge Modules to this category.
2.1. Let X be a separated complex analytic space, and A a subfield of R. Let
CbholF (OX ,Diff, A;W ) denote the category whose objects are
K = ((KF ;F,W ), (KA,W ), (KC,W );αF , αA),
where (KF ;F,W ) is a bounded filtered differential complex with a finite filtration W such
that DR−1X (KF ;F,W ) is holonomic in the sense of (1.3), (KΛ,W ) for Λ = A,C is a bounded
complex of Λ-Modules with a finite increasing filtration W , and
αΛ : (KΛ,C,W )→ (KC,W ) for Λ = F,A
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is a filtered quasi-isomorphism of complexes of C-Modules. Here (KF,C,W ) is the under-
lying filtered complex of C-Modules of (KF ;F,W ) and
(KA,C,W ) = (KA,W )⊗A C.
A morphism u : K → L of CbholF (OX ,Diff, A;W ) consists of (uF , uA, uC, u
′
F , u
′
A) where
uF : (KF ;F,W )→ (LF ;F,W )
is a morphism of filtered differential complex preserving W ,
uΛ : (KΛ,W )→ (LΛ,W ) for Λ = A,C
is a morphism of filtered complexes of Λ-Modules, and
u′Λ : (K
i
Λ,C,W )→ (L
i−1
C ,W ) (i ∈ Z)
are morphisms of filtered C-Modules for Λ = F,A, such that
(2.1.1) αΛ ◦ uΛ,C − uC ◦ αΛ = du
′
Λ + u
′
Λd for Λ = F,A,
where uΛ,C : (KΛ,C,W )→ (LΛ,C,W ) is induced by uΛ.
A homotopy h : K → L[−1] of CbholF (OX ,Diff, A;W ) consists of (hF , hA, hC, h
′
F , h
′
A),
where
hF : (K
i
F ;F,W )→ (L
i−1
F ;F,W [−1]) (i ∈ Z)
are filtered differential morphisms preserving W , and
hΛ : (K
i
Λ,W )→ (L
i−1
Λ ,W [−1]) (i ∈ Z)
h′Λ : (K
i
Λ,C,W )→ (L
i−2
C ,W [−1]) (i ∈ Z)
are morphisms of filtered Λ-Modules for Λ = A,C, such that they satisfy the following
condition:
If we put uΛ = dhΛ + hΛd for Λ = F,A,C, and
(2.1.2) u′Λ = dh
′
Λ − h
′
Λd+ αΛ ◦ hΛ,C − hC ◦ αΛ for Λ = F,A,
then u = (uF , uA, uC, u
′
F , u
′
A) : K → L is a morphism of C
b
holF (OX ,Diff, A;W ). (Here
(W [m])k =Wk−m in general.)
The above u is denoted by dh + hd. A morphism u of CbholF (OX ,Diff, A;W ) is called
homotopic to zero if u = dh+ hd for some homotopy h.
For a morphism u : K → L of CbholF (OX ,Diff, A;W ), the mapping cone M = C(K →
L) consists of MΛ = C(KΛ → LΛ) for Λ = F,A,C with
(2.1.3)
FpMF = C(FpKF → FpLF ),
WkMΛ = C(Wk−1KΛ →WkLΛ) (Λ = F,A,C),
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where αΛ : C(KΛ,C → LΛ,C)→ C(KC → LC) for Λ = F,A is given by
αΛ(x, y) = (αΛx, u
′
Λx+ αΛy) for x ∈ K
i+1
Λ,C , y ∈ L
i
Λ,C.
We define K[1] = C(K → 0), and more generally K[m] for m ∈ Z to be
((KF [m];F,W [m]), (K[m]A,W [m]), (KC[m],W [m]);αF , αA).
Then, as in [21], we have natural morphisms K → L→ C(K → L)→ K[1].
We get similarly CbholF (X,D, A;W ) replacing (KF ;F,W ) by (KD;F,W ) a holonomic
complex of filtered D-Modules on X with a finite increasing filtration W , and (KF,C,W )
by (KD,C,W ) := DRX(KD,W ). Here DRX is defined by choosing a covering {Ui → Vi}i
of X as in (1.3).
We have also the notions of homotopy and mapping cone. A natural functor
(2.1.4) DR−1X : C
b
holF (OX ,Diff, A;W )→ C
b
holF (X,D, A;W ),
is obtained by using the filtered quasi-isomorphism DRXDR
−1
X (KF ,W )→ (KF,C,W ).
Forgetting the filtration W , we have similarly CbholF (OX ,Diff, A), C
b
holF (X,D, A) to-
gether with natural functors
GrWk : C
b
holF (OX ,Diff, A;W )→ C
b
holF (OX ,Diff, A).
For K = ((KD;F,W ), (KA,W ), (KC,W );αD, αA) ∈ C
b
holF (X,D, A;W ), let H
iK de-
note
(2.1.5) (Hi(KD, F ;W [i]),
pHi(KA,W [i]);α
−1
A ◦ αD) ∈MFhol(X,D, A;W ),
where
α−1A ◦ αD : DRXH
i(KD,W [i]) ≃
pHi(KA,C,W [i])
is an isomorphism in the category of filtered perverse sheaves Perv(X,C;W ). (See [2]
for the perverse cohomology functor pHi, and (1.4) for MFhol(X,D, A;W ).) Here F , W
denote also the induced filtrations on HiKD,
pHiKA, etc., and they are defined separately
using the exact sequence HiFpKD →H
iKD →H
i(KD/FpKD), etc.
We have similarly HiK ∈MFhol(X,D, A) for K ∈ C
b
holF (X,D, A).
Remarks. (i) The morphisms of CbholF (OX ,Diff, A;W ), C
b
holF (X,D, A;W ), etc. are stable
by composition. In fact, w = vu is given by wΛ = vΛuΛ, w
′
Λ = v
′
ΛuΛ,C+vCu
′
Λ. Furthermore,
if u or v is homotopic to zero, so is w. For example, if v = dh+hd, then w = dg+ gd with
gΛ = hΛuΛ, g
′
Λ = h
′
ΛuΛ,C + hCu
′
Λ.
(ii) For K ∈ CbholF (OX ,Diff, A;W ), we define a complex K˜Λ for Λ = F,A by
K˜iΛ = K
i
Λ,C ⊕K
i−1
C with d(x, y) = (dx, αΛx− dy).
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For a morphism u : K → L, let
u˜Λ : K˜Λ → L˜Λ with u˜Λ(x, y) = (uΛx, u
′
Λx+ uCy).
Then the condition (2.1.1) corresponds to du˜Λ = u˜Λd. For a homotopy h : K → L[−1], let
h˜Λ : K˜Λ → L˜Λ[−1] with h˜Λ(x, y) = (hΛx,−h
′
Λx− hCy).
Then (2.1.2) corresponds to u˜Λ = dh˜Λ + h˜Λd.
2.2. Definition. We say that K = ((KD;F ), (KA), (KC);αD, αA) ∈ C
b
holF (X,D, A) splits
in the derived categories in a compatible way if we have (noncanonical) isomorphisms
(2.2.1)
(KD, F ) ≃
⊕
i
(Hi(KD, F ))[−i] in D
bF (DX),
KΛ ≃
⊕
i
(pHiKΛ)[−i] in D
b(X,Λ)
for Λ = A,C in a compatible way with αD, αA.
The category CbH(X,A, n)D of pure A-Hodge D-complexes of weight n on X is the full
subcategory of CbholF (X,D, A) consisting of K such that K splits in the derived categories
in a compatible way, and the HiK are polarizable A-Hodge Modules of weight i + n
for any i. The category CbH(X,A)D of mixed A-Hodge D-complexes on X is the full
subcategory of CbholF (X,D, A;W ) consisting of K such that Gr
W
k K ∈ C
b
H(X,A, k)D for
any k. The category CbH(X,A) of mixed A-Hodge complexes onX is the full subcategory of
CbholF (OX ,Diff, A;W ) consisting of K such that DR
−1
X K ∈ C
b
H(X,A)D. Then considering
morphisms of CbH(X,A, n)D, C
b
H(X,A)D, C
b
H(X,A) up to homotopy, we get respectively
KbH(X,A, n)D, K
b
H(X,A)D, K
b
H(X,A).
If X is a complex algebraic variety, the categories KbH(X,A), K
b
H(X,A)D, etc. are
defined in the same way as above, where (KF ;F,W ) is a bounded holonomic filtered
(algebraic) differential complex on X with a finite increasing filtration W , (KD;F,W )
is a holonomic filtered (algebraic) D-Module on X with a finite increasing filtration W ,
(KA,W ), (KC,W ) are filtered complexes on X
an, (KF,C,W ) is the underlying filtered
complex of C-Modules of (KF ,W )
an, and (KD,C,W ) = DRX(KD,W ).
If X is an algebraic variety defined over a subfield k of C, the categories KbH(X,A),
KbH(X,A)D, etc. are defined similarly, by assuming (KF ;F,W ), (KD;F,W ) are defined
over k.
An object K of KbH(X,A) or K
b
H(X,A)D is weakly acyclic if KA is acyclic, and
a morphism u : K → L of KbH(X,A) or K
b
H(X,A)D is a weak quasi-isomorphism if
uA : KA → LA is a quasi-isomorphism forgetting W . (A weak quasi-isomorphism is not
necessarily a filtered quasi-isomorphism for W .)
Remarks. (i) The decomposition (2.2.1) implies that F on KD is strict.
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If we define DbH(X,A, n)D by inverting filtered quasi-isomorphisms (or, equivalently,
weak quasi-isomorphisms) of KbH(X,A, n)D, we see that the decomposition (2.2.1) is equiv-
alent to (the existence of) a noncanonical isomorphism
K ≃
⊕
i
HiK[−i] in DbH(X,A, n)D,
because the uniqueness of the isomorphism is not in question. Here HiK = (HiKD,
pHiKA,
pHiKC) can be defined in D
b
H(X,A, n)D by using (2.7) together with the for-
getful functor which forgets the filtration W . In fact, if we define KbholF (X,D, A) by
considering morphisms of CbholF (X,D, A) up to homotopy, and then D
b
holF (X,D, A) by
inverting filtered quasi-isomorphisms, we see that a natural functor DbH(X,A, n)D →
DbholF (X,D, A) is fully faithful. (Note however that we do not have well-defined func-
tors GrWk : D
b
H(X,A)D → D
b
H(X,A, n)D.)
More generally, let K,L ∈ CbholF (X,D, A), and assume that we have isomorphisms
(KD, F ) ≃ (LD, F ) in D
bF (X,D) and KΛ ≃ LΛ in D
b(X,Λ) (Λ = A,C) compatible with
αD, αA. Then we have (MD, F ) ∈ C
bF (X,D), MΛ ∈ C
b(X,Λ) (Λ = A,C) with (filtered)
quasi-isomorphisms (KD, F ) → (MD, F ) ← (LD, F ) in C
bF (X,D), KΛ → MΛ ← LΛ
in Cb(X,Λ), which represent the given isomorphisms in the derived categories. Then
replacing MC if necessary, we have quasi-isomorphisms αΛ : MΛ,C → MC for Λ = D, A,
which give a commutative diagram in Kb(X,C). So we get filtered quasi-isomorphisms
K →M ← L in CbholF (X,D, A).
(ii) If X is algebraic, we have natural functors
KbH(X,A)→ K
b
H(X
an, A), KbH(X,A)D → K
b
H(X
an, A)D.
(iii) In the definition of morphisms of CbH(X,A), C
b
H(X,A)D, etc., we need the homotopy
u′Λ (which was not used in [1] where X = pt) in order to construct a natural functor from
the derived category of bounded complexes of mixed Hodge Modules to DbH(X,A)D. See
(2.7) below. The decomposition (2.2.1) of GrWk K is necessary to prove the stability by
the direct image under a proper morphism (see (2.8) below), and has nothing to do with
p-structure in [1] when X = pt. In fact, the latter was used in loc. cit. to identify the
bounded derived category of polarizable mixed Hodge structures with a full subcategory
of the bounded derived category of mixed Hodge structures. In the case X = pt, note
that (2.2.1) is not necessary in the definition of DbH(X,A), because it is not used in (2.10)
below so that DbH(pt, A) is equivalent to the category which is defined without assuming
(2.2.1).
2.3. Proposition. For K = ((KD;F,W ), (KA,W ), (KC,W );αD, αA) ∈ C
b
H(X,A)D, we
have the weight spectral sequence
(2.3.1) Ep,q1 = H
p+qGrW−pK ⇒H
p+qK in MHW(X,A),
which degenerate at E2, and whose d1 is strictly compatible with F . (See (1.4) for
MHW(X,A).) Furthermore, (KD;F,DecW ) is strict in the sense of [14, 1.2] (i.e., bistrict,
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see also (A.2) below), and gives the Hodge and weight filtrations on HiK. Consequently,
a weak quasi-isomorphism K → L of CbH(X,A)D) induces a bifiltered quasi-isomorphism
(2.3.2) (KD;F,DecW )→ (LD;F,DecW ).
Proof. This follows from (1.4) and (A.3).
Remarks. (i) In the case X = pt, (2.3) follows from [4].
(ii) The last assertion of (2.3) means
(2.3.3) (KD;F,DecW ) is well-defined in D
b
holF (X,D;W
′) for K ∈ DbH(X,A)D.
This justifies the definition of DbH(X,A), D
b
H(X,A)D by inverting the weak quasi-
isomorphisms.
The well-definedness of DecW in the exact category implies for example that Dec
commutes with GrFp . See (A.3).
2.4. Proposition-Definition. The categories KbH(X,A) and K
b
H(X,A)D are triangu-
lated categories whose distinguished triangles are isomorphic to the images in KbH(X,A),
KbH(X,A)D of
→ K → L→ C(K → L)
+1
→
given in (2.1). The full subcategories ofKbH(X,A),K
b
H(X,A)D consisting of weakly acyclic
objects are thick subcategories in the sense of [21], and the associated quotient categories,
which will be denoted by DbH(X,A), D
b
H(X,A)D are also triangulated categories whose
distinguished triangles are as above. The functor DR−1X in (2.1) induces a natural functor
DR−1X : D
b
H(X,A)→ D
b
H(X,A)D.
Proof. We prove the first assertion for KbH(X,A), D
b
H(X,A). The argument is similar for
KbH(X,A)D, D
b
H(X,A)D.
For a morphism u : K → L in CbH(X,A), its mapping cone M = C(K → L) belongs to
CbH(X,A), because Gr
W
k M = (Gr
W
k−1K)[1]⊕Gr
W
k L (since uΛ and u
′
Λ preserve the filtration
W ). Then we can verify the axioms of triangulated category in [21] for KbH(X,A).
We see first that compositions of successive two morphisms of the triangle are homotopic
to zero. For the composition of K → L → C(K → L), we have a homotopy h defined by
hΛ(x) = (x, 0) and h
′
Λ = 0. We verify similarly C(id : K → K) = 0 (i.e., id : C(id) →
C(id) is homotopic to zero), using a homotopy defined by hΛ(x, y) = (y, 0) and h
′
Λ = 0.
For the invariance of triangles by shift, we can show for example that the projection
C(u + id : K ⊕ L → L) → K[1] is an isomorphism whose inverse v is given by vΛ(x) =
(x,−uΛ(x), 0), v
′
Λ(x) = (0, u
′
Λ(x), 0), using the homotopy h : C(u+id)→ C(u+id) defined
by hΛ(x, y, z) = (0, z, 0), h
′
Λ = 0.
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If we have morphisms
u : K → L, v :M → N, f : K →M, g : L→ N in CbH(X,A)
and a homotopy h : K → N [−1] such that gu− vf = dh+ hd, then we have w : C(K →
L)→ C(M → N) by
wΛ(x, y) = (fΛx, hΛx+ gΛy) for Λ = F,A,C,
w′Λ(x, y) = (−f
′
Λx,−h
′
Λx+ g
′
Λy) for Λ = F,A.
So the mapping cone is unique up to a noncanonical isomorphism due to [21, 1.2]. Then
we verify the octahedral axiom by showing the isomorphism
C(C(K → L)→ C(M → N)) = C(C(K →M)→ C(L→ N)).
Then it is clear that the subcategory consisting of weakly acyclic objects is thick, and
the remaining assertion follows from [21].
2.5. We are now going to construct a natural functor from the bounded derived category
of mixed Hodge Modules DbMHM(X,A) to the triangulated category of mixed Hodge
D-complexes DbH(X,A)D. We first construct a category C
b
MHM(X,A) which is naturally
equivalent to the category of bounded complexes of mixed Hodge Modules CbMHM(X,A).
For Λ = A,C, let C∗c (X,Λ;G,W
′) be the category of bifiltered complexes of Λ-Modules
(KΛ;G,W
′) on X such that G, W ′ are finite filtrations on KΛ, H
iGrjGGr
k
W ′KΛ are Λ-
constructible sheaves on X , and KΛ satisfy the boundedness condition corresponding
to ∗ = +,−, b. Then K∗c (X,Λ;G,W
′), D∗c (X,Λ;G,W
′) are defined as in [21]. Let
K+,bc (X,Λ;G,W
′)inj be the full subcategory of K
+
c (X,Λ;G,W
′) consisting of (KΛ;G,W
′)
such that GrjGGr
k
W ′K
i
Λ are injective Λ-Modules and H
iGrjGGr
k
W ′KΛ = 0 for i≫ 0. Then
we have an equivalence of categories
(2.5.1) K+,bc (X,Λ;G,W
′)inj = D
b
c(X,Λ;G,W
′).
See [2] (and also (A.7) below).
Let MFhol(X,D;W
′) denote the category of filtered D-Modules (M,F ) with a finite
increasing filtration W ′ on X such that the GrW
′
k (M,F ) are holonomic. We consider the
category K+,bhol (X,D, A;G,W
′) whose objects are
K = ((KD;F,W
′), (KA;G,W
′), (KC;G,W
′);αD, αA)
where (KD;F,W
′) is a bounded complex of MFhol(X,D;W
′), (KΛ;G,W
′) is an object of
K+,bc (X,Λ;G,W
′)inj for Λ = A,C, and
αΛ : (KΛ,C;G,W
′)→ (KC;G,W
′)
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is a bifiltered quasi-isomorphism in K+(X,C;G,W ′) for Λ = D, A. Here
(KD,C;G,W
′) = DRX(KD; σ,W
′), (KA,C;G,W
′) = (KA;G,W
′)⊗A C,
and σ is the filtration “beˆte” in [4].
A morphism u˜ : K → L of K+,bhol F (X,D, A;G,W
′) consists of (u˜D, u˜A, u˜C) which are
morphisms of CbF (X,D;W ′), K+c (X,A;G,W
′), K+c (X,C;G,W
′) respectively such that
αΛ ◦ u˜Λ,C = u˜C ◦ αΛ in K
+
c (X,C;G,W
′)
for Λ = D, A, where u˜Λ,C : (KΛ,C;G,W
′) → (LΛ,C;G,W
′) denotes the induced morphism
by u˜Λ. (Here u˜D is defined in C
b
holF (X,D;G,W
′) because the homotopy must preserve
the filtration σ.)
We define CbMHM(X,A) to be the full subcategory of K
+,b
hol F (X,D, A;G,W
′) consisting
of K such that
((KjD;F,W
′), (GrjGKA[j],W
′), α−1A ◦ αD) ∈ MHM(X,A)
where α−1A ◦αD : DRX(K
j
D,W
′) ≃ (GrjGKA[j],W
′)⊗AC is an isomorphism in the category
of filtered perverse sheaves Perv(X,C;W ′).
Remark. For Λ = A,C, let Dbc(X,Λ;Gbeˆte,W
′) denote the full subcategory of
Dbc(X,Λ;G,W
′) whose objects satisfy the condition
GrjGGr
k
W ′K[j] ∈ Perv(X,Λ) for any j, k.
Then we have a filtration W ′ on K
i
:= GriGK[i] ∈ C such that
(2.5.2) (W ′a/W ′b)K
i
= GriG(W
′a/W ′b)K[i] in Perv(X,Λ).
So we get a functor
(2.5.3) GrG : D
b
c(X,Λ;Gbeˆte,W
′)→ CbPerv(X,Λ;W ′),
where the right-hand side is the category of bounded complexes of filtered perverse sheaves.
See (A.4) below. Furthermore, (2.5.3) is an equivalence of categories. See (A.5) below.
For the full faithfulness of (2.5.3), we use the spectral sequences
(2.5.4)
Ep,q1 =
∏
j−i=p
Extq
D+(X,Λ;W ′)
(GriG(K,W
′)[i],GrjG(L,W
′)[j])
⇒Extp+q
D+(X,Λ;W ′)
((K,W ′), (L,W ′)),
Ep,q1 = (same as above if p ≥ k, and 0 otherwise)
⇒Extp+q
D+(X,Λ;G,W ′)
((K;G,W ′), (L;G[k],W ′)),
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such that Ep,q1 = 0 for q < 0. See (A.5.3). Note that the edge morphism to E
k,q
1 of the
second spectral sequence is induced by the passage to GrG (i.e. by the functor (2.5.3)).
2.6. Proposition. We have naturally an equivalence of categories
CbMHM(X,A) = C
bMHM(X,A)
where the right-hand side is the category of bounded complexes of mixed A-Hodge Mod-
ules.
Proof. Since (2.5.3) is an equivalence of categories by (A.5), we see (using (2.5.1)) that
K+,bhol F (X,D, A;G,W
′) is equivalent to the fiber product of CbMFhol(X,D;W
′) and
CbPerv(X,A;W ′) over CbPerv(X,C;W ′). This is the category consisting of pairs
(M,F ;W ) ∈ CbMHhol(X,D;W
′), (KA,W
′) ∈ CbPerv(X,A;W ′)
with a given isomorphism
α : DRX(M,W
′) ≃ (KA,W
′)⊗A C in C
bPerv(X,C;W ′).
So the assertion is clear by definition of CbMHM(X,A).
2.7. Theorem. We have a natural functor
(2.7.1) ε : DbMHM(X,A)→ DbH(X,A)D,
where the left-hand side is the derived category of bounded complexes of mixed A-Hodge
Modules.
Proof. We prove the assertion in the case X is an analytic space. The argument is similar
in the case X is algebraic.
Using the truncation τ≤i for i large enough, we can replace the bounded condition
for (KΛ,W ) (Λ = A,C) in the definition of K
b
H(X,A)D by the cohomological one (i.e.,
HjGrWk KΛ = 0 for Λ = A,C if j is large enough). Then we have naturally a well-defined
functor
(2.7.2) CbMHM(X,A)→ K
b
H(X,A)D.
In fact, we may change the above definition of K+,bhol F (X,D, A;G,W
′) so that
(KΛ;G,W
′) ∈ C+,bc (X,Λ;G,W
′)inj for Λ = A,C,
αΛ is a morphism of C
+(X,C;G,W ′) for Λ = D, A, and u˜Λ is represented by a morphism
uΛ of C
+(X,Λ;G,W ′) for Λ = A,C. So αΛ ◦ uΛ,C = uC ◦ αΛ holds up to homotopy in
C+(X,C;G,W ′), and we consider morphisms u = (uD, uA, uC) up to homotopy in the sense
that u and v are homotopic if uΛ and vΛ are homotopic in C
+(X,Λ;G,W ′) for Λ = A,C
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and uD = vD. (Note that these homotopies are not given, but the homotopies u
′
Λ in the
definition of CbH(X,A)D are given. For the well-definedness of (2.7.2), the difference must
be absorbed by the homotopy h.)
Let W be the convolution of G and W ′, i.e., Wk =
∑
j G
jW ′k+j , where G = σ on KD.
Then
((KD;F,W ), (KA,W ), (KC,W );αD, αA)
belongs to CbH(X,A)D, because the decomposition (2.2.1) is satisfied by
(2.7.3) GrWk =
⊕
j
GrjGGr
W ′
k+j .
Here HiGrjGGr
W ′
k KΛ = 0 and H
iGrWk KΛ = 0 for i ≫ 0 with Λ = A,C by assumption.
Furthermore, we have
αΛ ◦ uΛ,C − uC ◦ αΛ = du
′
Λ + u
′
Λd with u
′
Λ ∈ G
0W ′0Hom
−1(KΛ,C, LC)
for Λ = D, A, and they give a morphism u in CbH(X,A)D. (In fact, an element of
G0W ′0Hom
−1(KΛ,C, LC) preserves G,W
′ and hence W .) Here Hom
•
(KΛ,C, LC) denotes
a complex as in (A.5). We have to show that u is unique up to homotopy.
Assume we have vΛ which is homotopic to uΛ for Λ = A,C. Put vD = uD. We define
v′Λ as above for Λ = D, A so that we get a morphism v in C
b
H(X,A)D. Then
uΛ − vΛ = dhΛ + hΛd with hΛ ∈ G
0W ′0Hom
−1(KΛ, LΛ)
for Λ = A,C by assumption. Put hD = 0. We consider
wΛ = u
′
Λ − v
′
Λ − αΛ ◦ hΛ,C + hC ◦ αΛ ∈ G
0W ′0Hom
−1(KΛ,C, LC)
for Λ = D, A. Then dwΛ + wΛd = 0, and
wΛ = dh
′
Λ − h
′
Λd with h
′
Λ ∈ G
0W ′0Hom
−2(KΛ,C, LC),
because H−1G0W ′0Hom
•
(KΛ,C, LC) = 0 by the second spectral sequence of (2.5.4) with
k = 0. So u− v is homotopic to zero in CbH(X,A)D, and (2.7.2) is well-defined.
Now we have to show that (2.7.2) induces
(2.7.4) KbMHM(X,A)→ KbH(X,A)D,
i.e., u is homotopic to zero in CbH(X,A)D, if it corresponds to a morphism of C
bMHM(X,A)
which is homotopic to zero. Let (KΛ,W
′) be the image of (KΛ;G,W
′) by (2.5.3), i.e.,
(W ′a/W
′
b)K
i
Λ = Gr
i
G(W
′
a/W
′
b)KΛ[i] in Perv(X,Λ).
Put (KD;F,W
′) = (KD;F,W
′). (Similarly for L.) Let
hD : (K
i
D;F,W
′)→ (L
i−1
D ;F,W
′),
hΛ : (K
i
Λ,W
′)→ (L
i−1
Λ ,W
′) (Λ = A,C)
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be homotopies which are compatible with GrGαΛ for Λ = D, A, i.e.,
GrGαΛ◦hΛ,C = hC◦GrGαΛ in Perv(X,C),
where hD,C = DRX(hD) and hA,C = hA ⊗A C. (This condition is satisfied because the
homotopies come from a homotopy of mixed Hodge Modules.)
Let uΛ = dhΛ + hΛd for Λ = D, A,C. Then by the second spectral sequence of (2.5.4)
with k = 0, there exist morphisms in C+(X,Λ;G,W ′) :
uΛ : (KΛ;G,W
′)→ (LΛ;G,W
′) for Λ = A,C,
such that uΛ is the image of uΛ by (2.5.3) (i.e., uΛ = GrGuΛ) for Λ = A,C. Put uD = uD.
The image of uΛ in H
0G−1W ′0Hom
•
(KΛ, LΛ) is zero for Λ = A,C due to the spectral
sequence (with k = −1), because uΛ in H
oG0W ′0Hom(KΛ, LΛ) corresponds by the edge
morphism (i.e. by GrG or (1.5.3)) to uΛ ∈ E
0,0
1 of the second spectral sequence of (1.5.4)
with k = 0, and uΛ ∈ E
0,0
1 in the spectral sequence with k = −1 is the image of hΛ by d1.
So there exists a homotopy
hΛ ∈ G
−1W ′0Hom
−1(KΛ, LΛ)
such that uΛ = dhΛ + hΛd in Hom
0(KΛ, LΛ) for Λ = A,C. Put hD = hD.
Here we may assume GrGhΛ = hΛ by replacing hΛ if necessary. In fact, let
vΛ = GrGhΛ − hΛ ∈W
′
0Hom
−1(KΛ, LΛ)
for Λ = A,C. Then dvΛ + vΛd = 0 in Hom
0(KΛ, LΛ). Using the second spectral sequence
as above with k = p+ q = −1, we have
vΛ ∈ H
−1G−1W ′0Hom
•
(KΛ, LΛ),
such that GrGvΛ = vΛ. So modifying hΛ by vΛ we have GrGhΛ = hΛ for Λ = A,C.
Now we show that uD, uA, uC are extended to a morphism of C
b
H(X,A)D. Using the
spectral sequence with k = 0 again, we have
αΛ ◦ uΛ,C − uC ◦ αΛ = 0 in H
0G0W ′0Hom
•
(KΛ,C, LC),
because its image in E0,01 =W
′
0Hom
0(KΛ,C, LC) by the edge morphism is zero and E
p,q
1 = 0
for p < 0 or q < 0. So there exists
u′Λ ∈ G
0W ′0Hom
−1(KΛ,C, LC),
such that αΛ◦uΛ,C−uC◦αΛ = du
′
Λ+u
′
Λd. Then u = (uD, uA, uC, u
′
D, u
′
A) gives a morphism
of CbH(X,A)D.
We have to show that u is homotopic to zero. Let
w′Λ = u
′
Λ − αΛ ◦ hΛ,C − hC ◦ αΛ ∈ G
−1W ′0Hom
−1(KΛ,C, LC)
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for Λ = D, A. Then dw′Λ + w
′
Λd = 0, and
GrGw
′
Λ = −GrGαΛ ◦ hΛ,C + hC ◦GrGαΛ = 0
in W ′0Hom
−1(KΛ,C, LC) by assumption on hΛ. This implies
w′Λ = 0 in H
−1G−1W ′0Hom
•
(KΛ,C, LC),
by the second spectral sequence as above with k = −1, p+ q = −1, and we have
h′Λ ∈ G
−1W ′0Hom
−2(KΛ,C, LC),
such that w′Λ = dh
′
Λ − h
′
Λd. Then h = (hD, hA, hC, h
′
D, h
′
A) satisfies u = dh+ hd.
So we get (2.7.4). It is clear that this induces (2.7.1).
2.8. Proposition. Let f : X → Y be a proper morphism of algebraic varieties or
a projective morphism of complex analytic spaces. Then the direct image functors for
filtered differential complexes, filtered complexes of D-Modules, and complexes of A− or
C-Modules induce the direct image functors for mixed Hodge complexes
(2.8.1) f∗ : D
b
H(X,A)→ D
b
H(Y,A), f∗ : D
b
H(X,A)D → D
b
H(Y,A)D,
in a compatible way with DR−1. In the algebraic case, they are also compatible with the
direct image of mixed Hodge Modules [15] via the functor ε in (2.7).
Proof. The direct image is defined by using the canonical flasque resolution of Godement
which is truncated by τ≤i for i large enough. This induces the functors in (2.8.1) by (iv)
of (1.4). The compatibility of the direct image with DR−1 is clear.
So it remains to show the compatibility with ε. Let M • be a bounded complex of mixed
Hodge Modules such that Hif∗M
j = 0 for i 6= 0. It is enough to construct a natural
isomorphism
(2.8.2) εf∗M
•
= f∗εM
•
in a functorial way for M •.
By definition f∗M
• is the complex whose j-th component isH0f∗M
j. LetK = f∗εM
• ∈
DbH(X,A)D, and G be the filtration on K induced by σ on M
• as in the proof of (2.7).
If M j = 0 for j 6= 0, the isomorphism (2.8.2) is obtained by using the truncation τ on K
(see Remark (i) after (2.9)), because HiK = 0 for i 6= 0. In general, we have to use the
truncations relative to the filtrationG, which are DecG, Dec∗G in [1], [4]. We can construct
these in our situation. See (2.9) below. Then we have the weak quasi-isomorphisms
(2.8.3) (DecG)0K/(Dec∗G)1K ← (DecG)0K → K,
Here the first term is the mapping cone of (Dec∗G)−1K → (DecG)0K where W is not
shifted as in (2.1). So we get the assertion, because the first term is isomorphic to εf∗M
•.
24 MORIHIKO SAITO
2.9. Let CbH(X,A;G)D denote the category of objects of C
b
H(X,A)D with a finite filtration
G. An object of CbH(X,A;G)D is
K = ((KD;F,W,G), (KA;W,G), (KC;W,G);αD, αA)
such that the three filtrations F,W,G on KD are compatible in the sense of [14] (see also
(A.1)), and (Gi/Gj)K belongs to CbH(X,A) for any i < j. Here (G
i/Gj)K denotes
(((Gi/Gj)KD;F,W ), ((G
i/Gj)KA,W ), ((G
i/Gj)KC,W );αD, αA).
A morphism of CbH(X,A;G)D is a morphism of C
b
H(X,A)D such that uΛ, u
′
Λ pre-
serve G (similarly for homotopy). A weakly acyclic object is filtered acyclic for
G. A weak quasi-isomorphism is a filtered quasi-isomorphism for G. We can define
KbH(X,A;G)D, D
b
H(X,A;G)D as before.
IfK ∈ CbH(X,A;G)D satisfies
pHjGriGGr
W
k KA = 0 for i 6= j, and there exists a filtration
W ′ on KD, KA, KC, such that W is the convolution of W
′ and G (see the proof of (2.7)),
then we have M • ∈ CbMHW(X,A) such that
M i = (HiGriG(KD;F,W
′), pHiGriG(KA,W
′))
where the isomorphism DRX(H
iGriGKD) = (
pHiGriGKA) ⊗A C is induced by αD, αA.
Furthermore, εM • is isomorphic in KbH(X,A) to K with G forgotten.
Using Remarks (ii), (iii) below, we have for K ∈ KbH(X,A;G)D
(DecG)mK ∈ KbH(X,A;G)D
with a morphism (DecG)mK → K in KbH(X,A;G)D, where (DecG)
mK is
(((DecG)mKD;F,W,G), ((DecG)
mKA;W,G), ((DecG)
mKC;W,G)),
and (DecG)mKD, (DecG)
mKΛ for Λ = A,C are as in Remarks (ii), (iii) below. (Here
we assume that GrWk Gr
j
GKΛ are injective for Λ = A,C as in the proof of (2.7).) By
Remark (ii), (DecG)mK is essentially unique in KbH(X,A;G)D. In fact, if Ka → K (a =
1, 2) satisfies the condition of (DecG)mK, we have K3 → K satisfying the condition of
(DecG)mK together with morphisms K3 → Ka (a = 1, 2) compatible with the morphisms
to K in KbH(X,A;G)D (and the independence of K3 can be proved). We have also the
functoriality of (DecG)mK. In fact, for a morphism K → L in KbH(X,A;G)D, we have
a unique morphism (DecG)mK → (DecG)mL in KbH(X,A;G)D giving a commutative
diagram. We have a similar assertion for Dec∗G.
Remarks. (i) In the case the filtration G is trivial (i.e., GriGK = 0 for i 6= 0), we get
the truncation τ≤m on the mixed A-Hodge D-complexes. The proof is by induction on the
length of W . See Remark (iv) below. In the case X = pt, this can be applied to the mixed
Hodge complexes in the sense of [4].
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(ii) LetDbc(X ;A;G,W ) be the full subcategory ofD
b(X,A;G,W ) (see the proof of (2.7))
consisting of objects (K;G,W ) such that GrjGGr
k
WK ∈ D
b
c(X ;A). Then there exists the
t-structure (D≤a, D≥b) on Dbc(X ;A;G,W ) such that (K;G,W ) ∈ D
≤a (resp. D≥b) if and
only if
pHiGrjGW
kK = 0 for i > j + a (resp. i < j + b).
In fact, if X is a point, we have the desired t-structure using DecG in [4]. The argument
is similar (up to a shift of t-structure) if HiGrjGGr
k
WK are local systems. In general, let
Z be a pure dimensional smooth closed subvariety of X such that HiGrjGGr
k
WK|Z are
local systems. Let U = X\Z with natural inclusions i : Z → X, j : U → X . Assume we
have the desired t-structure on U and Z by induction on strata. Then the condition of
(K;G,W ) ∈ D≤a on X is equivalent to
pHii∗GrjGW
kK = 0 for i > j + a,
pHij∗GrjGW
kK = 0 for i > j + a.
This is equivalent to i∗(K;G,W ) ∈ D≤a, j∗(K;G,W ) ∈ D≤a, and similarly for D≥b.
So the assertion follows from the gluing argument of t-structures in [2]. The associated
truncation τ˜≤m is denoted by (
pDecG)−m. We have the dual t-structure (dD≤a, dD≥b)
where pHiGrjGW
kK is replaced by pHiGrjG(K/W
kK) in the condition. The associated
truncation τ˜≤m is denoted by (
pDec∗G)−m.
(iii) Let (M,F ) be a complex of filtered D-Modules with decreasing finite filtrations
W,G such that F,W,G are compatible on M jU→V for any {U → V } ∈ LE(X) (see (1.3))
in the sense of [14] (see also (A.1)). Let G′ = DecG. See [4] (and also (A.3)). Assume
the three filtrations F,W,G′ on GriGM
j
U→V are compatible. (This condition is satisfied in
the case of mixed A-Hodge D-complexes by Remark (iv) below.) Then the four filtrations
F,W,G,G′ onM jU→V are compatible. In fact, it is enough to verify that natural morphisms
F pW kG′qGiM jU→V → F
pW kG′qGriGM
j
U→V
are surjective by [14, 1.2.12]. But this follows from the compatibility of the filtrations
F,G,W on M jU→V , because the latter implies the surjectivity of
F pW kGiM jU→V → F
pW kGriGM
j
U→V
by loc. cit, and G′qGiM jU→V is the inverse image of G
′qGriGM
j
U→V by the projection
GiM jU→V → Gr
i
GM
j
U→V .
Similar argument applies to the dual notion Dec∗G. See (A.3).
(iv) Let C,A be as in (A.1) where (A.2.2) is assumed. Let (K,W ) be a complex of C
with an increasing finite filtration W . Then for k ∈ Z, WkK is strict if Wk−1K,Gr
W
k K
are strict and the morphism HjGrWk K → H
j+1Wk−1K associated with the distinguished
triangle
→Wk−1K → WkK → Gr
W
k K → in A
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is a strict morphism in C.
AssumeWkK and Gr
W
k K are strict andH
jGrWk K → H
j+1Wk−1K are strict morphisms
of C for any k. Then the induced filtration W on the canonical truncation τ≤mK in A
gives a filtration in C (i.e., GrWk τ≤mK
m ∈ C, where τ≤mK
m = Ker dm). This follows from
the snake lemma applied to
0 −−−−→ Wk−1K
j −−−−→ WkK
j −−−−→ GrWk K
j −−−−→ 0y
y
y
0 −−−−→ Wk−1K
j+1 −−−−→ WkK
j+1 −−−−→ GrWk K
j+1 −−−−→ 0
because KerGrWk d
j → CokerWk−1d
j is factorized by HjGrWk K → H
j+1Wk−1K, and
KerGrWk d
j → HjGrWk K, H
j+1Wk−1K → CokerWk−1d
j
are strictly surjective or injective morphisms.
We have furthermore
HjWkτ≤mK = H
jWkK for j ≤ m, and 0 otherwise.
HmGrWk τ≤mK = Coker(H
mWk−1K → H
mWkK)
= Ker(HmGrWk K → H
m+1Wk−1K)
using the morphism of long exact sequences
HmWk−1τ≤mK −−−−→ H
mWkτ≤mK −−−−→ H
mGrWk τ≤mK −−−−→ 0∥∥∥
∥∥∥
y
y
HmWk−1K −−−−→ H
mWkK −−−−→ H
mGrWk K −−−−→ H
m+1Wk−1K.
We have the dual assertion using
→ GrWk K → K/Wk−1K → K/WkK →
instead of →Wk−1K →WkK → Gr
W
k K →.
2.10. Proposition. Assume X = pt. Let MHS(A)p be the category of (graded) polariz-
able mixed A-Hodge structures, which is naturally identified with MHM(pt, A). See [15].
Then a natural functor
ε : DbMHS(A)p → DbH(pt, A) (= D
b
H(pt, A)D)
in (2.7) (which is trivial in this case) is an equivalence of categories.
Proof. For a polarizable mixed A-Hodge structure H and a weak quasi-isomorphism K →
L in CbH(pt, A), we show the isomorphism
(2.10.1) HomKb(H,K)
∼
→ HomKb(H,L)
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where Kb means KbH(pt, A), and MHS(A)
p is naturally identified with a subcategory of
CbH(pt, A). Let A
H be the Hodge structure of type (0, 0) whose underlying A-module is A.
Then the assertion is reduced to the case H = AH by replacing K with H∗⊗K, where H∗
is the dual mixed Hodge structure of H, and L := H∗ ⊗K is defined by LΛ = H
∗
Λ ⊗KΛ
for Λ = F,A,C. (Here HF = HC.) Since K
b
H(pt, A) is a triangulated category, it is enough
to show that if K is weakly acyclic, we have
(2.10.2) HomKb(A
H , K) = 0.
Let u = (uF , uA, uC, u
′
F , u
′
A) : A
H → K be a morphism of CbH(X,A), and put
mΛ = uΛ1 (Λ = F,A,C), m
′
Λ = u
′
Λ1 (Λ = F,A).
Then m = (mF , mA, mC, m
′
F , m
′
A) belongs to
F0W0K
0
F ⊕W0K
0
A ⊕W0K
0
C ⊕W0K
−1
C ⊕W0K
−1
C ,
and satisfies
dmΛ = 0 (Λ = F,A,C), αΛmΛ −mC = dm
′
Λ (Λ = F,A),
where αA denotes also its composition with the natural inclusion KA → KA,C.
Let h = (hF , hA, hC, h
′
F , h
′
A) : A
H → K[−1] be a homotopy, and put
nΛ = hΛ1 (Λ = F,A,C), n
′
Λ = h
′
Λ1 (Λ = F,A).
Let W ′ = DecW , W ′′ = Dec∗W . See (A.3). Then n = (nF , nA, nC, n
′
F , n
′
A) belongs to
F0W
′
0K
−1
F ⊕W
′
0K
−1
A ⊕W
′
0K
−1
C ⊕W1K
−2
C ⊕W1K
−2
C ,
and satisfies
αΛnΛ − nC + dn
′
Λ ∈W0K
−1
C (Λ = F,A).
By (2.1.2), the condition u = dh+ hd corresponds to the relation
mΛ = dnΛ (Λ = F,A,C), m
′
Λ = dn
′
Λ + αΛnΛ − nC (Λ = F,A).
Let Z (resp. R) denote the group consisting of m (resp. n) satisfying the above conditions.
Then we have the morphism φ : R→ Z by the above relation so that Cokerφ is isomorphic
to HomKb(A
H , K). We have furthermore
(2.10.3) HomKb(A
H , K) = Cokerφ = Cokerφ′.
where the morphism φ′ : R′ → Z ′ is defined by
(n˜F , n˜A, n˜
′)→ (dn˜F , dn˜A, dn˜
′ + αF n˜F − αAn˜A),
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with
Z ′ =
{
(m˜F , m˜A, m˜
′) ∈ F0W0K
0
F ⊕W0K
0
A ⊕W0K
−1
C :
dm˜Λ = 0 (Λ = F,A), αF m˜F − αAm˜A − dm˜
′ = 0
}
,
R′ =
{
(n˜F , n˜A, n˜
′) ∈ F0W
′
0K
−1
F ⊕W
′
0K
−1
A ⊕W1K
−2
C :
dn˜′ + αF n˜F − αAn˜A ∈W0K
−1
C
}
.
Note that the conditions imply
αF m˜F − αAm˜A ∈W
′′
−1K
0
C, αF n˜F − αAn˜A ∈W
′′
−1K
−1
C .
For the proof of (2.10.3) we have the surjective morphisms qZ : Z → Z
′, qR : R → R
′
defined by
m→ (mF , mA, m
′
F −m
′
A) (same for n).
so that qZφ = φ
′qR and φ : Ker qR → Ker qZ is surjective.
Now we have to show Cokerφ′ = 0 if K is weakly acyclic. Take (m˜F , m˜A, m˜
′) ∈ Z ′. By
definition of W ′, W ′′ we have
W ′kK
i
Λ/W
′′
k−1K
i
Λ = H
iGrWk−iKΛ.
It is the E1-term of the weight spectral sequence (2.3.1), and the E1-complex is acyclic
by the acyclicity of K and the E2-degeneration of the spectral sequence. By definition of
Z ′, the images of m˜F and m˜A in H
0GrW0 KC coincide, and d1 of the spectral sequence is a
morphism of Hodge structures. So we may assume
m˜F ∈ F
0W ′′−1K
0
F , m˜A ∈W
′′
−1K
0
A,
by replacing m˜ with m˜− φ′(n˜) for some n˜ = {n˜F , n˜A, n˜C} ∈ R
′ such that
n˜F ∈ F
0W ′0K
−1
F , n˜A ∈ W
′
0K
−1
A .
In fact, we have n˜F ∈ F0W
′
0K
−1
F , n˜A ∈ W
′
0K
−1
A such that m˜Λ − dn˜Λ ∈ W
′′
−1 for Λ = F,A
and the images of n˜F , n˜A in H
−1GrW1 KC coincide, i.e.,
αF n˜F − αAn˜A ∈W
′′
−1H
−1
C = d(W1K
−2
C ) +W0K
−1
C .
Then we can choose n˜′ such that the condition of R′ is satisfied.
We may assume furthermore m˜Λ = 0 for Λ = F,A by replacing m˜ with m˜ − φ
′(n˜),
because F 0W ′′0 KF , W
′′
0KA are acyclic, and d(F
0W ′′−1K
−1
F ) = d(F
0W0K
−1
F ), etc. Then
the assertion follows from the acyclicity of W ′′−1KC. This proves (2.10.1–2).
So we get the isomorphism
(2.10.4) HomKb(H,K)
∼
→ HomDb(H,K)
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for H ∈ MHS(A)p, K ∈ CbH(pt, A), where D
b means DbH(pt, A). Then using the truncation
τ in (2.9), it is enough to show
(2.10.5)
HomKb(H
′, H[i]) = 0 for i > 1,
HomMHS(A)p(H
′, H) = HomKb(H
′, H),
Ext1MHS(A)p(H
′, H) = HomKb(H
′, H[1]),
for H,H ′ ∈ MHS(A)p. Here we may assume H ′ = AH as before. Then the first two
assertions are clear by (2.10.3), and the last is reduced to the following :
For H = ((HC;F,W ), (HA,W )) ∈ MHS(A)
p, we have
Ext1MHS(A)p(A
H , H) = Coker((F 0W0HC ⊕W0HA)
(0) →W−1HC),
where (F 0W0HC ⊕W0HA)
(0) = Ker((F 0W0HC ⊕W0HA)→ Gr
W
0 HC).
This can be verified, for example, by using
Ext1MHS(A)p(A
H ,W−1H) = Coker((F 0W−1HC ⊕W−1HA)→W−1HC),
(see [3], [13])) together with the long exact sequence associated with 0 → W−1H →
W0H → Gr
W
0 H → 0. See also [1, 2.2].
We can show that the last isomorphism of (2.10.5) is actually induced by the functor ε,
by using the quasi-isomorphism H[1] → C(H˜ → AH), where 0 → H → H˜ → AH → 0 is
an exact sequence of MHS(A)p.
Remark. The reader may notice the difference between the proofs of (2.10) and [1, 3.4].
In the latter, HomKb(H,K) depends on the resolution of K, and the effaceability of Γ
1 in
loc. cit is shown by taking a good resolution of K. The mixed Hodge complexes on pt in
this paper are closer to those in [4] and also to p˜-Hodge complexes in [1]. It may be easier
to prove Lemma 3.11 in [1] by showing the effaceability of Γ1 as in the proof of 3.4, than
showing that the constructed functor is a right quasi-inverse.
Appendix to §2
We review here some facts from the theories of compatible filtrations [14] and the realization
functor [2].
A.1. Let A be an abelian category. We say that E1, . . . , En are compatible subobjects
of E ∈ A if there exists an n-ple complex of short exact sequences {Kν} (i.e., Kν = 0 if
|νi| > 1 for some i, and K
ν−1i → Kν → Kν+1i are exact for any ν ∈ Zn) such that
K0 = E, K−1i = Ei,
where the j-th component of 1i ∈ Z
n is δi,j . We say that filtrations F1, . . . , Fn of E ∈
A are compatible filtrations, if F p11 E, . . . , F
pn
n E are compatible subobjects of E for any
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p1, . . . , pn ∈ Z. Let F
c
n(A) denote the additive category of objects of A with compatible n
filtrations. We say that
0→ (M ′;F1, . . . , Fn)→ (M ;F1, . . . , Fn)→ (M
′′;F1, . . . , Fn)→ 0
is a short exact sequence of F cn(A) if
0→ F p11 . . . F
pn
n M
′ → F p11 . . . F
pn
n M → F
p1
1 . . . F
pn
n M
′′ → 0
are exact in A for any −∞ ≤ pi < +∞. Then F
c
n(A) is an exact category with those exact
sequences. See (A.2) below.
For (M ;F1, . . . , Fn) ∈ F
c
n(A) and pi ∈ Z, we see that there exists an n-ple complex of
short exact sequences {Kν} such that
F p11 . . . F
pn
n M = K
0, F p11 . . . F
pi+1
i . . . F
pn
n M = K
−1i .
This implies the commutativity of GrpiFi (1 ≤ i ≤ n), because the restriction to νi = 1
corresponds to the passage to GrpiFi .
A.2. Let C be an exact category. We choose and fix an abelian category A such that
C is an additive full subcategory of A which is stable by extensions in A, and the short
exact sequences of C are the short exact sequences of A whose components belong to C.
A morphism u of C is called strict if it has a factorization u′′u′ such that u′ is a strict
epimorphism and u′′ is a strict monomorphism, or equivalently, if Ker u, Imu,Cokeru in
A belong to C.
A filtration F of E ∈ C is a filtration of E in A such that
F pE/F qE ∈ C for −∞ ≤ p < q ≤ +∞.
(See [14, 1.3.1].) Let F (C) denote the category of filtered objects of C, where
0→ (E′, F )→ (E, F )→ (E′′, F )→ 0
is called exact if it is filtered exact in A, or equivalently, if
0→ F pE′ → F pE → F pE′′ → 0
are exact for any −∞ ≤ p < +∞. Then F (C) is also an exact category. In fact, F (C) is
a full subcategory of the abelian category F˜ (A) whose objects are {Mp}p∈Z∪{−∞} ∈
∏
A
with morphisms Mp →M q (∞ > p > q ≥ −∞) compatible with compositions. Let
Fn(C) = F (Fn−1(C)) (n > 0), F 0(C) = C.
(Similarly for F˜n(A).) Then Fn(A) is a full subcategory of the abelian category F˜n(A)
satisfying the above conditions.
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If C is an abelian category A, we have an equivalence of categories
(A.2.1) Fn(A) = F cn(A)
in the notation of Remark above.
We say that a complex K of C is cohomologically strict relatively to A if HjK in A
belong to C, and strict if dj : Kj → Kj+1 and Im dj−1 → Ker dj are strict.
We assume for any complex K of C:
(A.2.2) K is strict if and only if K is cohomologically strict relatively to A.
This condition is satisfied if C is F cn(A) as above. See [14, 1.2.4].
Remark. In the case n = 2, for example, this notion of strictness (i.e., the bistrictness) is
different from the separate strictness (i.e., the strictness for each filtration). If we define
Ker, Coker, Im, Coim in F c2 (A) = F2(A) as usual, and define the strictness of a morphism
by Im = Coim, then we get the separate strictness. For the correct definition of bistrictness,
we cannot avoid the problem of three filtrations, because the third filtration is defined by
Ker or Im. (This becomes necessary, for example, when we define the truncation τ on a
mixed Hodge complex in the sense of [1, 3.2].)
A.3. With the above notation and assumptions, let K be a complex of C with a decreasing
filtration G. Assume
(A.3.1) GriGd : Gr
i
GK
j → GriGK
j+1 are strict for any i, j.
Then DecG is defined by
(A.3.2) (DecG)iKj = Ker(d : Gi+jKj → Gri+jG K
j+1).
(See [4] in the case C = A.) More precisely, it is defined in A, and belongs to C, because
Gi+j+1Kj ⊂ (DecG)iKj ⊂ Gi+jKj with
(DecG)iKj/Gi+j+1Kj = KerGri+jG d,
Gi+jKj/(DecG)iKj = Coim Gri+jG d.
(See also [14, 1.3.7].) Similarly Dec∗G is defined by
(A.3.3) (Dec∗G)iKj = Gi+jKj + Im(d : Gi+j−1Kj−1 → Kj),
and (DecG)iK → (Dec∗G)iK is a quasi-isomorphism in A. (This does not hold if GriGd
are not strict. See (2.9).) Note that Dec (i.e. the passage of G to DecG) commutes with
an exact functor from C. For example, if C is the category of filtered objects (M,F ) of an
abelian category, Dec commutes with the functor (M,F )→ F pM/F qM .
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Remarks. (i) Assume G is a finite filtration, and the complexes GriGK and (Er, dr) (r ≥ 1)
of the spectral sequence associated with G (which is defined in A) are strict so that the
Ep,qr belong to C inductively. Then E
p,q
∞ ∈ C so that we have a spectral sequence in C, and
K is also strict by (A.2.2). (This is a generalization of the lemma on two filtrations in [4].)
(ii) If furthermore the spectral sequence degenerates at E2, then (K,DecG) is cohomo-
logically strict, because it is strict as a filtered complex of A by the E2-degeneration of the
spectral sequence [4] and we have
(A.3.4) GriDecGH
jK = Ei+j,−i∞ ∈ C
so that (HjK,DecG) ∈ F (C). (This can be applied to (KD;F,W ) in (2.3) where G =
W, C =MF (DX) and A is the category of graded
⊕
p FpDX -Modules. Here X is assumed
smooth by taking a local embedding, because the assertion is local.)
A.4. Let A be an abelian category having enough injectives. We denote by C∗(A;G,W )
the category of complexes of objects of A which satisfy the bounded condition corre-
sponding to ∗ = +,−, b, and have two finite filtrations G,W . We define K∗(A;G,W ),
D∗(A;G,W ) as in [2], [21]. (Similarly for C∗(A;W ), K∗(A;W ), D∗(A;W ), etc.) Let D
be a triangulated full subcategory of Db(A) which has a t-structure whose heart is denoted
by C. See [2]. Let Db(A;Gbeˆte,W ) denote the full subcategory of D
b(A;G,W ) defined by
the condition :
(A.4.1) GrjGGr
k
WK[j] ∈ C
for (K;G,W ) ∈ Db(A;G,W ). This implies
GrjG(W
a/W b)K[j] ∈ C,
and we get a filtration W on K
i
:= GriGK[i] ∈ C such that
(A.4.2) (W a/W b)K
i
= GriG(W
a/W b)K[i] in C.
Using the short exact sequence 0→ Gri+1G → G
i/Gi+2 → GriG → 0, we have the morphism
d : (K
i
,W )→ (K
i+1
,W ) in C such that d2 = 0. See [2, 3.1.7]. (Note that, if the filtration
G on Ki splits in a compatible way with W (by replacing (K;G,W ) with an injective
resolution, see (A.7) below), then we get a representative of d : (K
i
,W ) → (K
i+1
,W ) as
in the construction of ϕ in [21, 2.4].)
Thus we get a functor
(A.4.3) Db(A;Gbeˆte,W )→ C
b(C;W )
such that W a/W b of the image of (K;G,W ) by (A.4.3) is naturally isomorphic to the
image of ((W a/W b)K,G) ∈ Db(A;Gbeˆte) by the functor
(A.4.4) Db(A;Gbeˆte)→ C
bC
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in [2]. By the same argument as in [2, 3.1.8], (A.4.3) is an equivalence of categories. (See
(A.5) below.) Taking the composition of the quasi-inverse of (A.4.3) with the forgetful
functor which forget the filtration G, we get
(A.4.5) Cb(C;W )→ Db(A;W ),
and this induces
Db(C;W )→ Db(A;W ).
The argument is the same as in [2, 3.1.10]. In fact, (A.4.5) factors through Kb(C;W )
(using the morphism of the spectral sequences in (A.5)), and preserves mapping cones. So
it is enough to show that if the image of GrkW (K,G) by (A.4.4) is acyclic for (K;G,W ) ∈
Db(A;Gbeˆte,W ), then Gr
k
WK is acyclic. But this is proved in loc. cit.
A.5. Proposition. With the above notation, the functor (A.4.3) is an equivalence of
categories. (See [2, 3.1.8] for the case W is trivial.)
Proof. Let (K;G,W ) ∈ Cb(A;G,W ), (L;G,W ) ∈ C+(A;G,W ) such that they are iso-
morphic to objects of Db(A;Gbeˆte,W ) in D
+(A;G,W ) and the components of GrjGGr
k
WL
are injective. Then we have
(A.5.1) (GrpGHom
•
(K,L),W ) =
∏
j−i=p
(Hom
•
(GriGK,Gr
j
GL),W ),
(see (A.7) below), where Hom
•
(K,L) is a bifiltered complex whose ith component is∏
m−n=iHom(K
n, Lm), and has the filtrations G,W in the usual way. We have further-
more
(A.5.2)
Extj
D+(A;W )
((K,W ), (L,W [m])) = HjWmHom
•
(K,L),
Extj
D+(A;G,W )
((K;G,W ), (L;G[k],W [m])) = HjGkWmHom
•
(K,L),
where Extj
D+(A;W )
((K,W ), (L,W [m])) = HomD+(A;W )((K,W ), (L[j],W [m])), etc. So we
get spectral sequences
(A.5.3)
Ep,q1 =
∏
j−i=p
Extq
D+(A;W )
(GriG(K,W )[i],Gr
j
G(L,W )[j])
⇒Extp+q
D+(A;W )
((K,W ), (L,W )),
Ep,q1 = (same as above if p ≥ k, and 0 otherwise)
⇒Extp+q
D+(A;G,W )
((K;G,W ), (L;G[k],W )),
where Ep,q1 = 0 for q < 0. Combining this with (A.6) below, we get the full faithfulness
of (A.4.3). (Here k = 0 in the above spectral sequence.) We can verify the essential
surjectivity of (A.4.3) by an argument similar to the second solution in [2, 3.1.8].
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A.6. Lemma. With the notation and assumption of (A.4), let (K,W ), (L,W ) ∈ Db(A;W )
such that GrkWK,Gr
k
WL ∈ C for any k. Then K,L ∈ C, and W determines a filtration W˜
on K,L in C, so that a natural morphism
(A.6.1) HomDb(A;W )((K,W ), (L,W ))→ HomC((K, W˜), (L, W˜ ))
is an isomorphism.
Proof. Let
k = min{i ∈ Z : GriWK 6= 0}.
Then we may assume W kL = L (replacing L with W kL if necessary), because any fil-
tered quasi-isomorphism (K ′,W ) → (K,W ) may be replaced with its composition with
(W kK ′,W )→ (K ′,W ). We prove the bijectivity of (A.6.1) by induction on the length of
the filtration W on K. Here we may assume that GrkWL
j are injective objects of A.
Assume first W on K is trivial, i.e., GriWK = 0 for i 6= k. In this case we have
HomDb(A;W )((K,W ), (L,W )) = HomDbA(K,L),
because Db(A;W ), DbA can be replaced with Kb(A;W ), KbA by assumption on (L,W ).
We have a similar isomorphism for (K, W˜ ), (L, W˜ ), and the assertion follows.
In general, let K ′ = W k+1K,K ′′ = GrkWK so that we have an exact sequence
0→ HomDb(A;W )((K
′′,W ), (L,W ))→ HomDb(A;W )((K,W ), (L,W ))
→ HomDb(A;W )((K
′,W ), (L,W ))→ Ext1Db(A;W )((K
′′,W ), (L,W )),
and the last term is isomorphic to Ext1DbA(K
′′, L) by the same argument as above (using
the injectivity of (L,W )).
On the other hand, we have an exact sequence
0→ HomC((K
′′, W˜ ), (L, W˜))→ HomC((K, W˜ ), (L, W˜ ))
→ HomC((K
′, W˜ ), (L, W˜))→ Ext1
Db(C;W˜ )
((K ′′, W˜ ), (L, W˜ )),
and the last term is isomorphic to Ext1C(K
′′, L). Since we have a natural morphism between
the exact sequences, the assertion follows from the inductive hypothesis.
A.7. Proposition. Let F cn(A) be as in (A.1). Assume the filtrations F1, . . . , Fn are finite.
Let
E = (M ;F1, . . . , Fn) ∈ F
c
n(A)
such that Grp1F1 . . .Gr
pn
Fn
M are injective. Then it is an injective object of F cn(A) (i.e.
Hom(E2, E)→ Hom(E1, E) is surjective for any strict monomorphism E1 → E2 of F
c
n(A)),
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M has a decomposition
⊕
ν∈Zn Mν such that F
p1
1 . . . F
pn
n M is the direct sum of Mν for
νi ≥ pi, and
(GrpFnHom(M
′,M), Fi (i 6= n)) =
∏
j−i=p
(Hom(GriFnM
′,GrjFnM), Fi (i 6= n))
for E′ = (M ′;F1, . . . , Fn) ∈ F
c
n(A), where Hom(M,M
′) has the filtration F1, . . . , Fn as
usual.
Proof. The assertions follow by induction on n. If the assertions hold for n− 1, we get the
decomposition by induction on the length of Fn using a splitting of the exact sequence
0→ (F p+1n M,Fi (i 6= n))→ (F
p
nM,Fi (i 6= n))→ (Gr
p
Fn
M,Fi (i 6= n))→ 0.
Then the third assertion follows, and then the first.
Remark. The first assertion implies the isomorphism
(A.7.1) HomK+(E,E
′) = HomD+(E,E
′)
for complexes E = (K,F1, . . . , Fn), E
′ = (K ′, F1, . . . , Fn) of F
c
n(A) such that E is bounded,
E′ is bounded below, and Grp1F1 . . .Gr
pn
Fn
K ′i are injective. (In fact, the left-hand side is zero
if E is strictly acyclic.) Here HomK+(E,E
′), HomD+(E,E
′) mean the group of morphisms
in K+F cn(A), D
+F cn(A) respectively.
3. Geometric Complexes
In this section, we define the mixed A-Hodge complex CHX〈D〉A on a complex algebraic
variety with a closed subvariety D
3.1. Let k be a field, and Vk the category of varieties over k. Let A be a commutative ring.
We denote by VAk the A-linear category consisting of varieties X over k such that the group
of morphisms HomAk (X, Y ) is the free A-module
⊕
fj,i
A[fj,i] with basis the morphisms fj,i
of varieties over k from a connected component Xi of X to a connected component Yj of
Y . The composition is defined by [gk,j′] ◦ [fj,i] = [gk,jfj,i] if j = j
′ and zero otherwise. We
have a natural functor ιA : Vk → V
A
k such that ι
A(X) = X and ιA(f) =
∑
[fj(i),i] where
the fj(i),i : Xi → Yj(i) denote the restrictions of f : X → Y to the connected components
of X , Y .
Let B be a category such that its objects form a finite set, Hom(a, b) are finite for
a, b ∈ B, and Hom(b, b) = {id} for b ∈ B. We assume that the objects of B permit an
ordering such that Hom(a, b) = ∅ unless a ≧ b.
A kB-variety XB = {Xb} is by definition a covariant functor γX from B to Vk, where
Xb = γX(b). A proper kB-variety over XB is a kB-variety YB with a functorial morphism
π : YB → XB such that πb : Yb → Xb is proper for any b ∈ B. An A-linear morphism of
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proper kB-varieties YB → Y
′
B over XB is a functorial morphism ι
AγY → ι
AγY ′ , where we
assume that the functorial morphisms Yb → Y
′
b in V
A
k are given by A-linear combinations of
[fb,i,j] such that the fb,i,j commute with the restrictions of πb to the connected components
of Yb, Y
′
b . We denote by V
A
k (XB) the A-linear category of proper kB-varieties over XB with
A-linear functorial morphisms. The direct sum is given by the disjoint union, and the zero
object by the empty set.
Let C(VAk (XB)) denote the category of complexes of V
A
k (XB), and K(V
A
k (XB)) the
category whose groups of morphisms are divided by the subgroups of morphisms which
are homotopic to zero. We have also C∗(VAk (XB)), K
∗(VAk (XB)) for ∗ = +,−, b as in [21].
Then K(VAk (XB)) and K
∗(VAk (XB)) are triangulated categories by loc. cit.
Let Db be closed subvarieties of Xb such that the Xb\Db are stable by γX(u) for mor-
phisms u of B. We say that YB is nonsingular over X〈D〉B if the Yb are nonsingular
and the (π−1b (Db))red are locally either divisors with normal crossings or connected com-
ponents, where πb : Yb → Xb is the morphism given by π : YB → XB. We denote by
VAk (X〈D〉B)
ns the full subcategory of VAk (XB) consisting of such objects. Then we can
define C∗(VAk (X〈D〉B)
ns), K∗(VAk (X〈D〉B)
ns) as above.
Assume k = C. Let C+(Xanb , A) denote the category of complexes of A-Modules which
are bounded below on the associated analytic spaceXanb . For b ∈ B, we have a contravariant
additive functor
RπAb,∗ : V
A
k (XB)→ C
+(Xanb , A)
by associating (πb)∗C
•(AYb) to Yb where πb : Yb → Xb is as above, and C
•(AYb) is the
canonical flasque resolution of Godement of the constant sheaf AYb on Y
an
b . It induces the
contravariant additive functors
RπAb,∗ : C
+(VAk (XB))→ C
+(Xanb , A),
RπAb,∗ : K
+(VAk (XB))→ K
+(Xanb , A).
The image of Y •B ∈ K
+(VAk (XB)) by Rπ
A
b,∗ is denoted by R(πb)∗AY •
b
. We say that Y •B ∈
K+(VAk (XB)) is A-acyclic over X〈D〉B, if the R(πb)∗AY •
b
are acyclic over Xanb \D
an
b for
b ∈ B, and a morphism Y •B → Y
′•
B of V
A
k (XB) is an A-quasi-isomorphism over X〈D〉B, if its
mapping cone is A-acyclic over X〈D〉B. Then inverting A-quasi-isomorphisms over X〈D〉B
of K∗(VAk (XB)) and K
∗(VAk (X〈D〉B)
ns), we get D∗(VAk (X〈D〉B)), D
∗(VAk (X〈D〉B)
ns).
If |B| = 1 (i.e., if B consists of one object), then XB, X〈D〉B will be denoted by X ,
X〈D〉.
Remark. Constructions similar to C(VAk (XB)) seem to be well-known in the theory of
motives, where [fj,i] is replaced by a cycle on Y × Y
′. In the Hodge setting, however,
we cannot replace [fj,i] with a cycle, because we would have to take further a simplicial
resolution of the cycle (if it is singular), and the push-down (i.e. the Gysin) morphism of
mixed Hodge complexes is not easy to construct at the level of complexes in general.
3.2. Proposition. For any Y •B ∈ C
b(VAk (XB)), we have an A-quasi-isomorphism Y
′•
B → Y
•
B
over X〈D〉B such that Y
′•
B is nonsingular over X〈D〉B. So we have an equivalence of
categories Db(VAk (X〈D〉B)
ns)
∼
→ Db(VAk (X〈D〉B))
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Proof. By the same argument as in [9, I, 2.6], we have Y ′•B → Y
•
B in C
b(VAk (XB)) such
that Y ′•B is nonsingular over X〈D〉B, and it is given by a desingularization Y
′•
B → Y
•
B in
a generalized sense (i.e., it is proper surjective, the Y ′kb are nonsingular, and there exists
dense open subvarieties of Y kb which are isomorphic to their inverse images in Y
′k
b ). Then
the Y kb have closed subvarieties Z
k
b such that Y
k
b \Z
k
b are isomorphic to their inverse images
in Y ′kb , the Z
k
b are stable by the morphisms of B and also by the morphisms fj,i appearing
in the differential of Y •B , and maxdimZ
k
b < maxdimY
k
b . Let Z
′k
b be the inverse image of
Zkb in Y
′k
b . Then the associated single complex of
(3.2.1) Z ′
•
B → Z
•
B ⊕ Y
′•
B → Y
•
B
is A-acyclic, and we can proceed by induction on dimY • as in loc. cit. The second assertion
is clear by [21].
3.3. Let X be a complex algebraic variety, and D a closed subvariety of X . Assume A is
a subfield of R. Applying (3.2) to the case |B| = 1, there exists an A-quasi-isomorphism
Y • → X over X〈D〉 such that Y • ∈ Cb(VAk (X〈D〉B)
ns). We define an A-mixed Hodge
complex
CHX〈D〉A = ((Ω˜
•
X〈D〉;F,W ), (A˜X〈D〉,W ), (C˜X〈D〉,W );αF , αA)
by
((Ω˜
•
X〈D〉;F,W ) = π∗C
•
≤r(ΩY •(log π
−1D);F,W ),
(A˜X〈D〉,W ) = π∗(j∗j
∗C
•
≤r(AY •,an),W ),
(C˜X〈D〉,W ) = π∗(j∗j
∗C
•
≤r(ΩY •,an),W ),
for r large enough. Here π : Y • → X and j : π−1(X\D)→ Y • denote natural morphisms,
and C•≤r is the truncation τ≤r of the canonical flasque resolution of Godement (with
respect to the Zariski or the classical topologies) and is applied to each component of
ΩY •(log π
−1D), etc. (More precisely, Ω˜•X〈D〉 is the associated single complex of a triple
complex, and the differential with respect to the index of Y • is induced by the differential of
Y •.) The filtration F on ΩY i(log π
−1D) is the filtration “beˆte” σ of [4] (where Fp = F
−p),
and Wk on ΩY i(log π
−1D), j∗j
∗C•≤r(AY i,an) is defined by
Wk+iΩY i(log π
−1D), τ≤k+ij∗j
∗C
•
≤r(AY i,an),
(similarly for j∗j
∗C•≤r(ΩY i,an)). The morphisms αF , αA are induced by natural morphisms
(C
•
≤r(ΩY •(log π
−1D)))an → j∗j
∗C
•
≤r(ΩY •,an), AY •,an → CY •,an → ΩY •,an .
The condition of mixed Hodge complex is satisfied by using the stability by the direct
images under proper morphisms (2.8). We have the independence of the choice of Y • by
(3.2). The underlying A-complex A˜X〈D〉 is isomorphic to Rj∗j
∗AXan .
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Applying (3.2) to the case B is an ordered set {0, 1}, we see that CHX〈D〉A is functorial
for (X,D), i.e., we have a natural morphism
(3.3.1) CHX〈D〉A→ g∗C
H
X′〈D′〉A
for a morphism g : X ′ → X such that g−1D ⊂ D′, where D′ is a closed subvariety of X ′.
Furthermore we get its (shifted) mapping cone which is denoted by CHX〈D〉←X′〈D′〉A.
In fact, we have a kB-variety XB = {Xb} such that X0 = X , X1 = X
′, where B = {0, 1}
and Hom(1, 0) consists of one element corresponding to g. By (3.2) we have an A-quasi-
isomorphism Y •B → XB over X〈D〉B such that the Y
i
B are nonsingular over X〈D〉B. So the
morphism (3.3.1) and its shifted mapping cone are defined canonically by using Y •B (where
the degree of the first term of the shifted mapping cone is zero). By (3.2), CHX〈D〉←X′〈D′〉A
is functorial for (X,D), (X ′, D′).
If X ′ is a closed subvariety Z of X such that D′ = Z ∩ D, then CHX〈D〉←X′〈D′〉A,
Ω˜•X〈D〉←X′〈D′〉 are denoted by C
H
X〈D〉,ZA, Ω˜
•
X〈D〉,Z . They are denoted by C
H
X←X′A, Ω˜
•
X←X′
, if D, D′ are empty.
Remark. By definition (Ω˜•X〈D〉, F ) is essentially same as the filtered complex of Du Bois
in [6]. See also [9].
3.4. Example. Assume X is smooth, D, Z are divisors on X such that D ∪ Z is a divisor
with normal crossings, dimD ∩ Z < dimX , and the irreducible components Zj of Z are
smooth. Let X(0) = X , and X(i) be the disjoint union of
⋂
1≤k≤i Zjk for j1 < · · · < ji. We
denote the natural inclusions by ai : X
(i) → X . Put D(i) = a−1i (D). Then the complex
X ← Z is A-quasi-isomorphic to the complex X(0) ← X(1) ← X(2) ← · · · over X〈D〉. So
Ω˜•X〈D〉,Z is represented by
Ω
•
X(0)(logD
(0))→ (a1)∗Ω
•
X(1)(logD
(1))→ (a2)∗Ω
•
X(2)(logD
(2))→ · · · ,
where F,W on Ω•
X(i)
(logD(i)) are given by σ and W [−i] in [4] (where (W [−i])k =Wi+k).
Let
(jD∗ j
∗j′D! j
′∗OX , F,W )
denote the underlying filtered DX-Module of the mixed Hodge Module j∗j
∗j′!j
′∗AHX , where
j : X\D → X and j′ : X\Z → X denote natural inclusions. Then we have a natural
isomorphism in DbholF (X,D;W ) :
(3.4.1) (jD∗ j
∗j′D! j
′∗OX , F,W ) = DR
−1
X (Ω˜
•
X〈D〉,Z , F,W )[dimX ].
(Here the filtrationW on the right-hand side is shifted by dimX due to the shift of complex
by dimX , and W ′ =W on the left-hand side, because jD∗ j
∗j′D! j
′∗OX is a DX-Module.)
For the proof of (3.4.1), we may assume X is a complex manifold by GAGA. Then we
have locally X = X1 × X2 such that D = D1 × X2, Z = X1 × D2, where D1, D2 are
divisors with normal crossings on X1, X2. We have a bifiltered isomorphism
(jD∗ j
∗j′D! j
′∗OX , F,W ) = ((j1)
D
∗ j
∗
1OX1 , F,W )⊠ ((j2)
D
! j
∗
2OX2 , F,W ),
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using the functorial morphisms id → j∗j
∗, j′!j
′∗ → id. We have a similar decomposition
on the right-hand side of (3.4.1). So the assertion is reduced to the case either D or Z is
empty. Then the assertion follows from (v) of (1.4) forgetting the filtration W . But the
compatibility with W is easy, because the weight filtration W of j′!j
′∗CX [dimX ] in the
abelian category of perverse sheaves is uniquely characterized by the property :
GrWdimX−k(j
′
!j
′∗CX [dimX ]) = (ak)∗CX(k) [dimX − k].
4. Smooth Affine Stratification
We prove (0.2) by using a good representative of the mixed Hodge Module AHX associated
with a smooth affine stratification of X .
4.1. Proposition. Let X be a complex algebraic variety of dimension n, and S = {Si} a
stratification of X such that each stratum Si is smooth and affine. Let ji : Si → X denote
natural inclusions. Then we have a complex C•SA
H in CbMHM(X,A) such that
(4.1.1) CkSA
H =
⊕
dimSi=k
(ji)!A
H
Si
[k],
and the image of C•SA
H in DbMHM(X,A) is naturally isomorphic to AHX .
Proof. We first note that (4.1.1) implies for any M ∈ MHM(X,A), a natural morphism
CnSA
H → C•SA
H [n] induces an isomorphism
Hom(C
•
SA
H [n],M) = Ker(Hom(CnSA
H ,M)→ Hom(Cn−1S A
H ,M)).
Here Hom on the left-hand (resp. right-hand) side is taken in DbMHM(X,A) (resp.
MHM(X,A)), and the morphism in the right-hand side is induced by the differential of
C•SA
H .
We proceed by induction on n = dimX . Let Y =
⋃
dimSi<n
Si, and U = X\Y with
natural inclusions i : Y → X, j : U → X . Then we have a distinguished triangle in
DbMHM(X,A)
(4.1.2) → i∗A
H
Y [n− 1]→ j!A
H
U [n]→ A
H
X [n]→,
and the assertion follows from the inductive hypothesis. Note that the isomorphism AHX =
C•SA
H is uniquely determined by the restriction to a dense open subvariety of X , because
End(AHX) = Hom(A
H
pt, (aX)∗A
H
X) = A,
if X is connected (where aX : X → pt is a natural morphism).
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4.2. Theorem. Let X be a complex algebraic variety, and D, D′ closed subvarieties with
natural inclusions j : X\D→ X , j′ : X\D′ → X . Then we have a natural isomorphism
(4.2.1) DR−1X (C
H
X〈D〉,D′A) = ε(j∗j
∗j′!j
′∗AHX) in D
b
H(X,A)D.
Proof. By (2.8) the assertion is reduced to the case where D,D′ are locally principal
divisors (using the blow-up of X along D and D′) so that j∗, j
′
! preserve perverse sheaves.
Let {Si} be as in (4.1). Here we may assume that D
′ is a union of strata. Let
Xj =
⋃
dimSi≤j
Si
⋃
D′
for −1 ≤ j ≤ n. By the same argument as (3.2) we have A-quasi-isomorphisms Y j,• → Xj
over Xj〈Xj ∩ D〉 together with morphisms Y j−1,• → Y j,• such that Y j,• is nonsingular
over X〈D〉, and we have a commutative diagram in Cb(V(X〈D〉, A)):
Y j,• ←−−−− Y j−1,•y
y
Xj ←−−−− Xj−1.
Using Y j,• as in (3.3), we define
Kj = DR−1X (ij)∗C
H
Xj 〈D∩Xj〉A in C
b
H(X,A)D
so that we have natural morphisms rj : K
j → Kj−1 in CbH(X,A)D. Here ij : X
j → X
denotes a natural inclusion. We consider a morphism of CbH(X,A)D:
(4.2.2)
⊕
0≤j≤n
Kj →
⊕
−1≤j<n
Kj
whose restriction to Kj is rn for j = n, and rj ⊕ (−id) for 0 ≤ j < n, where n = dimX .
Let K be its shifted mapping cone (i.e., the degree of the first term is zero). Then K is
isomorphic to the shifted mapping cone of Kn → K−1 so that
K = DR−1X (C
H
X〈D〉,D′A).
We have a filtration G on K such that Gi is the shifted mapping cone of
⊕
i≤j≤n
Kj →
⊕
i−1≤j<n
Kj
for i ≥ 0. Let S′ = {Si : Si ⊂ X\D
′} so that S′ is a stratification of X\D′. Then GriGK
is the shifted mapping cone of ri : K
i → Ki−1 which corresponds to j∗j
∗j′!C
i
S′A
H [−i]. So
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G is similar to the filtration G in the proof of (2.8), and we have weak quasi-isomorphisms
like (2.8.3). Furthermore
GriG((DecG)
0K/(Dec∗G)1K))[i]
is isomorphic to ε(j∗j
∗j′!C
i
S′A
H). See(2.9). In fact, the last assertion is reduced to the
case where the closure Si of Si is smooth and Si\Si is a divisor with normal crossings by
using (2.8). Then it follows from (3.4). This finishes the proof of (4.2).
4.3. Corollary. With the notation of (4.2), the two mixed Hodge structures on
Hi(X\D,D′\D′ ∩D) by [4] and [15] coincide.
5. Du Bois Singularity
We study Du Bois singularity, and give some application of (0.3).
5.1. Let X be a reduced complex algebraic variety. Let π′ : X ′ → X be the normalization
of X . Put X ′′ = (X ′×X X
′)red with the natural projections π
′′ : X ′′ → X and pa : X
′′ →
X ′ (a = 1, 2). Let
(5.1.1) OwnX = Ker(p
∗
1 − p
∗
2 : π
′
∗OX′ → π
′′
∗OX′′).
Then OwnX is a coherent sheaf of algebras, and we define X
wn = SpecXO
wn
X . The natural
morphism Xwn → X induces a bijection of the underlying sets, because OwnX is identified
with the sheaf of continuous functions on X(C) whose pull-backs to X ′ come from OX′ .
We call OwnX , X
wn the weak normalization of OX , X . We say that X is weakly normal if
OwnX = OX .
Remarks. (i) For x ∈ X , the analytic-local irreducible components of X at x corresponds
to π′−1(x). In particular, the weak normalization coincides with the normalization if X is
analytic-locally irreducible at every point.
(ii) Let X1, . . . , Xr be reduced closed subvarieties of X . Put Xi,j = (Xi ∩ Xj)red for
i < j. We say that X1, . . . , Xr are relatively vertical, if
(5.1.2) OX →
⊕
i
OXi →
⊕
i<j
OXi,j
is exact, where the last morphism is given by the Cech morphism. We see that if
X1, . . . , Xr−1 are relatively vertical, then X1, . . . , Xr are relatively vertical if and only
if
⋃
1≤i<r Xi and Xr are relatively vertical.
(iii) Let X0 =
⋃
1≤i≤rXi. Then we see :
(a) If X0 is weakly normal, X1, . . . , Xr are relatively vertical.
Assume r = 2. Then :
(b) If X0, X1,2 are weakly normal, so are X1, X2.
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(c) If X1, X2, X1,2 are weakly normal and X1, X2 are relatively vertical, then X0 is
weakly normal.
(iv) In the isolated singularity case, (iii) implies that a variety with isolated singularities
is weakly normal, if and only if so are any e´tale-local irreducible components and these are
relatively vertical. (Note that the normalization and the weak normalization are compatible
with e´tale base changes.) In the one-dimensional case, this means that X is weakly normal
if and only if it is e´tale-locally isomorphic to
⋃
j{xi = 0 (i 6= j)} ⊂ C
n.
5.2. Proposition. Let X be a reduced complex algebraic variety, and (M,F ) the under-
lying filtered D-Module of the mixed Hodge Module AHX in [15]. Then with the notation
of (1.3), we have a natural isomorphism
H0GrF0 DRX(M) = O
wn
X .
Proof. Let a• : X• → X be a simplicial resolution (or a cubic resolution). By (0.3) it is
enough to show
(5.2.1) H0R(a•)∗OX• = O
wn
X .
We have the spectral sequence
Ep,q1 = R
q(ap)∗OXp ⇒H
p+qR(a•)∗OX• ,
which impliesH0R(a•)∗OX• = Ker((a0)∗OX0 → (a1)∗OX1). So we get a natural morphism
(5.2.2) H0R(a•)∗OX• → π
′
∗OX′
in the notation of (3.1), because π′∗OX′ = π∗OX˜ if π : X˜ → X is a desingularization. We
see that (5.2.2) is injective and the image is OwnX by restricting a• : X• → X over a point
of X , because a• : X• → X gives a resolution of a constant sheaf. So we get the assertion.
Remarks. (i) By (0.3) and (5.2)X is Du Bois (see the introduction for the definition), if and
only if X is weakly normal and HiR(a•)∗OX• = 0 (or, equivalently, H
iGrF0 DRX(M) = 0)
for i > 0. Note that X has (at most) rational singularities, if and only if X is normal and
Riπ∗OX˜ = 0 for i > 0, where π : X˜ → X is a desingularization.
(ii) Assume X is a hypersurface. Let f be a local reduced defining equation of X , and
bf (s) the b-function (i.e. the Bernstein polynomial) of f . Then X has rational (resp. Du
Bois) singularity if and only if the roots of bf (s)/(s+ 1) are less than (resp. less than or
equal to) −1. See [17, (0.4)] and [18, (0.5)].
(iii) With the notation of Remark (iii) after (5.1) assume r = 2. Then we can easily
verify :
(a) If X0, X1,2 are Du Bois, so are X1, X2.
(b) If X1, X2, X1,2 are Du Bois and X1, X2 are relatively vertical, then X0 is Du Bois.
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In the isolated singularity case, these imply that a variety with isolated singularities is
Du Bois, if and only if so are any e´tale-local irreducible components and these are relatively
vertical. In the one-dimensional case, this means that X is Du Bois if and only if X is
weakly normal. See Remark (iv) after (5.1).
5.3. Proposition. Let (DM,F ) denote the underlying filteredD-Module of DAHX (the dual
of AHX), and KX the dualizing complex for O-Modules. Then we have unique morphisms
in Db(X,OX) :
(5.3.1) OX → Gr
F
0 DRX(M), Gr
F
0 DRX(DM)→ KX ,
whose restrictions to the smooth part of X are natural isomorphisms.
Proof. The assertion on the first morphism is clear by (5.2). For the second, we have by
the duality (see [14, §2]) :
(5.3.2) D(GrF0 DRX(M)) = Gr
F
0 DRX(DM) in D
b(OX),
if X is embeddable into a smooth variety. Let X =
⋃
1≤i≤r Ui be an open covering of X
such that Ui are embeddable into smooth varieties. Put UI =
⋂
i∈I Ui for I ⊂ {1, . . . , r}.
Let M ′ = GrF0 DRX(DM). Then we have a spectral sequence
Ep,q1 =
⊕
|I|=p+1
HomD+(UI)(M
′|UI , KUI [q])⇒ HomD+(X)(M
′, KX [p+ q]),
taking an injective resolution of KX and using the Cech complex associated with {Ui}.
Since Ep,q1 = 0 for p < 0 by the duality together with (0.3) and (5.3.2), the second
morphism of (5.3.1) is locally defined. So the assertion follows from (5.3.2).
⁀Remarks. (i) One of the morphisms of (5.3.1) is an isomorphism if and only if X is Du
Bois.
(ii) If X is Du Bois and QX [dimX ] is a perverse sheaf , then X is Cohen-Macaulay.
This is because the filtration F on (DM)U→V is strict. See (iii) of (1.4).
5.4. Theorem. A rational singularity is Du Bois
Proof. Assume X has (at most) rational singularities. Let π : X˜ → X be a desingulariza-
tion. By (0.3), we have a natural morphism
GrF0 DRX(M)→ Rπ∗OX˜
whose composition with the first morphism of (5.3.1) is a natural morphismOX → Rπ∗OX˜ .
So OX is a direct factor of Gr
F
0 DRX(M) because X has only rational singularities. Assume
the singularity of X is not Du Bois. Then GrF0 DRX(M) has a nontrivial direct factor in
Db(OX) whose (cohomological) support is contained in SingX .
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Since the assertion is local, we may assume that X is a closed subvariety of a smooth
variety Y . Let (DM,F ) be as in (5.3). To simplify the notation, we denote also by (M,F ),
(DM,F ) the filtered DY -Modules representing them for {X → Y }. Then (DM,F ) is really
the dual of (M,F ) as filtered DY -Module, and (5.3.2) becomes
(5.4.1) DGrF0 DRY (M) = Gr
F
0 DRY (DM) = F0(DM) in D
b(OY ),
where the last isomorphism follows from GrFp (DM) = Gr
F
p DRY (DM) = 0 for p < 0. (The
last vanishing follows from (0.3) and (5.3.2).)
So the assumption implies that F0(DM) has a nontrivial direct factor N in D
b(OY )
whose (cohomological) support is contained in SingX . Then we have a morphism of DY -
Modules
(5.4.2) N ⊗OY DY → DM
such that HiN ⊗OY DY → H
i(DM) is nontrivial if HiN 6= 0, because HiF0(DM) →
Hi(DM) is injective by the strictness of the Hodge filtration. See (iii) of (1.4).
Let Z =
⋃
i SuppH
iN . We may assume that Z is smooth with pure dimension m <
dimX , and also SuppHiN = Z or ∅ by deleting a proper closed subvariety of Z from X .
Let
M ′ = RΓZDM.
Then (5.4.2) is the composition of N ⊗OY DY → M
′ → DM . Furthermore M ′ underlies
the dual of AHZ so that H
iM ′ = 0 for i 6= −m. So we get
H−m(DM) 6= 0
by the property after (5.4.2). Then, passing to the corresponding complex of CY an-Modules
via the functor DRY (and using the duality), we get
pHmCXan 6= 0.
But this contradicts to Remark below by restricting to a general smooth subvariety
transversal to Z (where the shift of index by m comes from pHmL = L[m] for a local
system L on Zan).
Remark. For a connected complex algebraic variety of dimX ≥ 1, we have
pH0CXan = 0.
In fact, let D be a closed subvariety of X such that U = X\D is smooth affine and pure
dimensional. Let j : U → X denote a natural inclusion. Then we have a distinguished
triangle in Dbc(X
an,C)
→ j!CUan → CXan → CZan →
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with pHij!CU = 0 for i 6= dimU . So the assertion is reduced to the case dimX = 1 by
induction. Then CXan [1] ∈ Perv(X
an,C) by the exact sequence
0→ CXan → π∗CX˜an → E → 0,
where π : X˜ → X is the normalization, and SuppE ⊂ SingX . (The assertion follows also
from Hi{0}CXan = 0 for i ≤ 0.)
Table of notations
1.1 DiffnX(L, L
′), HomDiff((L, F ), (L
′, F )), MF (DX),
MF (OX ,Diff), C
∗F (OX ,Diff), K
∗F (OX ,Diff), D
∗F (OX ,Diff),
MF (OX ,Diff;W ), C
∗F (OX ,Diff;W ), K
∗F (OX ,Diff;W ),
D∗F (OX ,Diff;W ), D
∗
cohF (OX ,Diff;W ), D
∗
cohF (OX ,Diff),
DR−1X :MF (OX ,Diff)→MF (DX),
1.2 Rf∗ : D
+F (OX ,Diff)→ D
+F (OY ,Diff),
1.3 LE(X), MF (DV )U , MF (X,D), MF (X,D;W ),
C∗F (X,D), C∗F (X,D;W ), D∗F (X,D), D∗F (X,D;W ),
M(X,D), D∗(X,D), D∗(X,D;W ),
D∗cohF (X,D;W ), D
∗
holF (X,D;W ), D
∗
cohF (X,D), D
∗
holF (X,D),
Mhol(X,D), D
∗
hol(X,D), D
∗
hol(X,D;W ),
D∗c (X,C), Perv(X,C),
DRX : D
∗
hol(X,D)→ D
∗
c (X,C), DRX :Mhol(X,D)→ Perv(X,C),
GrFp DRX : D
∗
cohF (X,D)→ D
∗
coh(X,OX),
1.4 MFhol(X,D, A;W ), MFhol(X,D, A),
MH(X,A, n), MHW(X,A), MHM(X,A),
2.1 CbholF (OX ,Diff, A;W ), C
b
holF (X,D, A;W ), C
b
holF (OX ,Diff, A),
CbholF (X,D, A), Perv(X,C;W ),
DR−1X : C
b
holF (OX ,Diff, A;W )→ C
b
holF (X,D, A;W ),
2.2 CbH(X,A, n)D, C
b
H(X,A)D, C
b
H(X,A),
KbH(X,A, n)D, K
b
H(X,A)D, K
b
H(X,A),
DbH(X,A, n)D, K
b
holF (X,D, A), D
b
holF (X,D, A),
2.4 DbH(X,A), D
b
H(X,A)D,
DR−1X : D
b
H(X,A)→ D
b
H(X,A)D,
2.5 DbMHM(X,A), CbMHM(X,A), CbMHM(X,A),
C∗c (X,Λ;G,W
′), K∗c (X,Λ;G,W
′), D∗c (X,Λ;G,W
′),
K+,bc (X,Λ;G,W
′)inj, MFhol(X,D;W
′), K+,bhol (X,D, A;G,W
′),
Dbc(X,Λ;Gbeˆte,W
′), CbPerv(X,Λ;W ′),
2.7 ε : DbMHM(X,A)→ DbH(X,A)D,
2.8 f∗ : D
b
H(X,A)→ D
b
H(Y,A), f∗ : D
b
H(X,A)D → D
b
H(Y,A)D,
2.9 CbH(X,A;G)D, DecG, Dec
∗G,
A.1 F cn(A),
A.2 F (C), F˜ (A),
46 MORIHIKO SAITO
A.3 DecG, Dec∗G,
A.4 C∗(A;G,W ), K∗(A;G,W ), D∗(A;G,W ),
C∗(A;W ), K∗(A;W ), D∗(A;W ), Db(A;Gbeˆte,W ),
3.1 Vk, V
A
k , XB, V
A
k (XB), C
∗(VAk (XB)), K
∗(VAk (XB)),
VAk (X〈D〉B)
ns, C∗(VAk (X〈D〉B)
ns), K∗(VAk (X〈D〉B)
ns),
D∗(VAk (X〈D〉B)), D
∗(VAk (X〈D〉B)
ns),
ιA : Vk → V
A
k ,
RπAb,∗ : K
+(VAk (XB))→ K
+(Xanb , A),
3.3 CHX〈D〉A, Ω˜
•
X〈D〉, A˜X〈D〉, C˜X〈D〉,
4.1 C•SA
H ,
5.1 OwnX , X
wn,
5.3 KX ,
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